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Abstract
The aim of this series of papers is to generalise the ambient approach of Duval et al. regarding the
embedding of Galilean and Carrollian geometries inside gravitational waves with parallel rays. In this
first part, we propose a generalisation of the embedding of torsionfree Galilean and Carrollian manifolds
inside larger classes of gravitational waves. On the Galilean side, the quotient procedure of Duval et al.
is extended to gravitational waves endowed with a lightlike hypersurface-orthogonal Killing vector field.
This extension is shown to provide the natural geometric framework underlying the generalisation by
Lichnerowicz of the Eisenhart lift. On the Carrollian side, a new class of gravitational waves – dubbed
Dodgson waves – is introduced and geometrically characterised. Dodgson waves are shown to admit a
lightlike foliation by Carrollian manifolds and furthermore to be the largest subclass of gravitational waves
satisfying this property. This extended class allows to generalise the embedding procedure to a larger
class of Carrollian manifolds that we explicitly identify. As an application of the general formalism, (Anti)
de Sitter spacetime is shown to admit a lightlike foliation by codimension one (A)dS Carroll manifolds.
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Introduction
Recognition that the motion of point particles – i.e. kinematics – is underlain by a four dimensional space dates
back as early as 1873, when P. L. Chebyshev, in a letter to J. J. Sylvester, addressed to the English mathematician
the following advice1: “Take to kinematics, it will repay you; it is more fecund than geometry; it adds a fourth
dimension to space.” The importance of four dimensional geometry became even more manifest with the advent
of special relativity, more precisely its reformulation2 by H. Minkowski as a theory of four dimensional spacetime
endowed with a flat (pseudo)-Riemannian geometry. The crowning achievement of the present line of thought
was conducted by A. Einstein whose theory of general relativity imparted four dimensional spacetime geometry
the origin of gravitational phenomena i.e. gravitation is kinematical in nature.
Soon after the inception of general relativity, E. Cartan realised that classical mechanical forces (for a one-particle
system) are as kinematical as the relativistic gravitational interaction3. Nonrelativistic classical mechanics can
thus equally be described within a four dimensional framework, though the underlying geometry – referred to
as Newton-Cartan (or Galilean) geometry – differs from the (pseudo)-Riemannian (or Lorentzian) geometry of
general relativity. The origin of the discrepancy between the geometries underlying relativistic and nonrelativis-
tic physics can be traced back at the algebraic level to a different choice of kinematical group, i.e. the group
of automorphisms of the flat spacetime geometry. In other words, the kinematical group dictates the spacetime
geometry which in turns prescribes the particle dynamics4.
A classification of these “possible kinematics” has been performed by H. Bacry and J. M. Lévy-Leblond in
a seminal paper [3] (cf. also the recent classifications [4, 5]). Their classification divide kinematical groups
into three families5 and features, along with the known relativistic (Poincaré and (Anti) de Sitter groups) and
nonrelativistic (Galilei and Newton-Hooke groups) families, a novel family of “ultrarelativistic” groups composed
of the (flat) Carroll group6 together with its curved avatars
(
the (A)dS Carroll groups
)
. Consistently with the
previous leitmotiv, this new algebraic personæ carries its own geometry, referred to as Carrollian geometry [11]
(cf. also [12] for an early study). Recent years have seen a surge of interest regarding Galilean and Carrollian
geometries (collectively referred to as non-Riemannian) due to their applications in a variety of contexts such
as condensed matter [13, 14, 15, 16, 17, 18], effective field theories [13, 14, 16], (fractional) Quantum Hall effect
[13, 14, 19], Hall viscosity [17], hydrodynamics [15, 20], flat holography [21], Lifshitz and Schrödinger holography
[22, 23, 24, 25], Hořava-Lifshitz gravity [26], Galilean string [27], Carrollian string [28] or Stringy gravity [29].
1As quoted in [1].
2In a famous essay with telling title [2].
3Namely, in the sense that trajectories of particles submitted to such forces are geodesics with respect to a (suitable) connection.
4Or in the words of the French philosopher J.S. Partre: “Le cinématisme est un dynamisme.”
5We restrict here to the subset of geometric kinematical groups i.e. kinematical groups whose corresponding Lie algebra admits
a faithful representation on the space of vector fields on a manifold of same dimension as the subspace of transvections, cf. [6] for
details.
6The Carroll group was originally introduced – mostly for pedagogical purpose – by Lévy-Leblond in [7] as a “degenerate cousin
of the Poincaré group”. The rationale behind the reference to L. Carroll is justified in [7] as originating from the lack of causality
in a Carrollian universe (or flat Carroll spacetime) as well as for the arbitrariness of time intervals (cf. CHAPTER VII - A Mad
Tea-Party in [8]). Later, F. Dyson [9] further justified the reference to Carroll by appealing to the immobility of (“timelike”)
Carrollian observers as reminiscent of the following dialog between Alice and the Red Queen (CHAPTER II - The Garden of Live
Flowers [10]):
“Well, in our country,” said Alice, still panting a little, “you’d generally get to somewhere else-if you ran very fast for
a long time as we’ve been doing.”
“A slow sort of country!” said the Queen. “Now, here, you see, it takes all the running you can do, to keep in the
same place.”
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On the relativistic side of the story, yet another thread was added by T. Kaluza who first contemplated the merits
of adding a fifth dimension to space as a means to geometrise both gravitational and electromagnetic interactions.
Kaluza’s idea was then incorporated within the nonrelativistic realm by L. P. Eisenhart [30] who established a
correspondence between dynamical trajectories associated to a given nonrelativistic classical mechanical system
on the one hand, and geodesics of a specific five dimensional relativistic spacetime on the other. This bridge
between nonrelativistic and relativistic physics has since been independently rediscovered and considerably
generalised, both at the algebraic (cf. [31]) and geometric level, most notably through the important work of
Duval and collaborators [32, 33] (cf. also [34]). This so-called ambient approach to nonrelativistic physics has
recently been generalised to include ultrarelativistic structures. Specifically, Duval et al. showed in [11] that
both Galilean and Carrollian geometries could be embedded inside higher dimensional gravitational waves with
parallel rays, the former as quotient and the latter as lightlike hypersurface.
Since its inception, the ambient approach to non-Riemannian structures allowed to shed new light on various
classical and quantum mechanical systems [35] via their embedding into relativistic manifolds and found a
number of applications in various contexts such as hydrodynamics [36], condensed matter [37], effective field
theories [16], cosmology [38], 3D spin 1 and spin 2 theories [39] and holography [22, 23, 40].
The embedding of non-Riemannian structures performed in [32, 11] relies crucially on a particular class of
Lorentzian spacetimes, called Bargmann–Eisenhart waves in the following7. This particular class has been
proposed as string vacua in [44] and notably includes Minkowski spacetime as well as the renowned subclass
of pp-waves, cf. [45, 46]. Geometrically, Bargmann–Eisenhart waves lie at the intersection of two interesting
categories of structures:
1. Gravitational waves i.e. Lorentzian manifolds endowed with a (class of) lightlike and hypersurface-
orthogonal vector field(s). Bargmann–Eisenhart waves are characterised among gravitational waves by
the existence of a parallel lightlike vector field8.
2. Bargmannian manifolds i.e. Cartan geometries for the Bargmann algebra. Explicitly, Bargmannian
manifolds are Lorentzian manifolds endowed with a lightlike vector field together with a (possibly torsional)
connection preserving both the metric and the lightlike vector field. In this context, Bargmann–Eisenhart
waves identify with torsionfree Bargmannian manifolds9.
This two-fold characterisation suggests two possible (and mutually exclusive) directions suitable for generalisa-
tion. The aim of the present series of papers is to systematically explore these two avenues. In this first part,
we will focus on gravitational waves and thus only retain the torsionfree condition while relaxing the parallel
condition for the lightlike vector field. Contrariwise, the second part [6] will address Bargmannian manifolds
7Note that the recognition of the rôle played by the Bargmann group – the central extension of the Galilei group – in connection
with nonrelativistic structures dates back to [41] where Newtonian connections were geometrically characterised as connections on
the affine extension of the frame bundle by the Bargmann group (whose associated curvature only takes values in the homogeneous
Galilei algebra). The connection between the Bargmann group and Galilean geometry was further explored in [42] and recently
readdressed in [43].
8Here and throughout the rest of this first part, the notion of parallelism on Lorentzian manifolds is provided by the Levi–Civita
connection for the associated metric.
9In the following, we will maintain a terminological distinction between manifolds endowed with metric structures (referred to
as structures) and structures supplemented with a compatible connection (hereafter referred to as manifolds). For example, a
Lorentzian structure will refer to a pair (M , g) consisting of a manifold M endowed with a Lorentzian metric g while a Lorentzian
manifold will denote a triplet (M , g,∇) where the Lorentzian structure is supplemented with a compatible connection ∇. A
torsionfree manifold will therefore refer to a manifold for which the connection has vanishing torsion.
2
(as well as their generalisation, called Leibnizian manifolds) which will imply relaxing the torsionfree condition
on the connection while retaining compatibility with the lightlike vector field.
A first motivation for the present work consists in enlarging the class of Lorentzian spacetimes allowing the
ambient approach. This was the main leitmotiv of the work [47] who already analysed the extension – at the
level of metric structures – of the embedding procedure of Duval et al. to a larger class of gravitational waves,
dubbed Platonic waves therein. This larger class was shown to contain both Anti de Sitter and Schrödinger
spacetimes, thus hinting to possible applications of the ambient approach to – relativistic and nonrelativistic
– holography. In the present work, we will extend the approach of [47] at the level of parallelism and further
generalise it in order to include ultrarelativistic structures.
Another motivation comes from the fact that the class of non-Riemannian spacetimes that can be embedded
inside Bargmann–Eisenhart waves is restricted to:
1. Newtonian spacetimes on the quotient manifold i.e. torsionfree Galilean manifolds whose Riemann
curvature tensor satisfies a linear constraint10.
2. Invariant Carrollian spacetimes on lightlike hypersurfaces i.e. torsionfree Carrollian manifolds whose
connection is preserved by the Carrollian vector field.
Alas, known important examples of non-Riemannian spacetimes fall outside these two categories. On the
torsionfree side, the most prominent examples are perhaps the maximally symmetric (A)dS Carroll spacetimes11
which, as we will show, are non-invariant and as such cannot be embedded inside a Bargmann–Eisenhart
wave12. This calls for a generalisation of the embedding procedure to account for a larger class of torsionfree
Carrollian manifolds, as performed in the present paper. The second important restriction has to do with torsion.
Bargmann–Eisenhart waves are by definition torsionfree and thus can only induce torsionfree non-Riemannian
geometries. Considering the importance of torsionful non-Riemannian geometries in the recent literature, it will
be the ambition of the second paper [6] of the present series – building on the earlier work [50] – to provide a
consistent ambient description of these torsionful (Galilean and Carrollian) geometries.
Summary and main results
Section 1 begins at the beginning by providing a review of Galilean and Carollian geometries from an intrinsic
perspective. We focus on the torsionfree case (cf. the companion paper [6] for the torsionful case) and recall
classification results of torsionfree Galilean and Carrollian connections. The particular examples of maximally
symmetric Galilean (flat Galilei and Newton-Hooke) and Carrollian (flat Carroll and (A)dS Carroll) manifolds
are discussed as an illustration of the general formalism. The (hierarchised) notions of invariant and pseudo-
invariant Carrollian manifolds are introduced (Definitions 1.17 and 1.21, respectively) in order to account for
the flat and (A)dS Carroll manifolds, respectively.
Section 2 is dedicated to the geometry of gravitational waves. We focus our attention on the class of Kundt
waves whose relevance regarding the embedding of nonrelativistic manifolds has been emphasised in [47]. A
new subclass of Kundt waves, dubbed Dodgson waves is introduced (Definition 2.17) and geometrically charac-
terised. The latter is shown to contain as subclasses some interesting families of waves previously discussed in
10Referred to hereafter as the Duval–Künzle condition.
11Whose respective isometry group is the (A)dS Carroll kinematical group, cf. [48].
12Note that (A)dS Carroll spacetimes are the only maximally symmetric non-Riemannian manifolds that do not admit an
embedding inside a Bargmann–Eisenhart wave. In particular, their nonrelativistic counterparts (Newton-Hooke spacetimes) are
known to be embedded inside a Hpp wave [49], as reviewed below.
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the literature such as Walker, Platonic and Bargmann–Eisenhart waves. We conclude the section by displaying
some distinguished examples of Dodgson waves, among which (Anti) de Sitter spacetime. In order to make
the geometrical definitions more concrete, we make use of two privileged coordinate systems, adapted for the
embedding of Galilean and Carrollian manifolds, respectively. We conclude by locally reinterpreting some of
the previous classification results using Brinkmann coordinates [51] (cf. also the lecture notes [52]).
In Section 3, we review the seminal works of Duval et al. regarding the embedding of Galilean and Carrollian
manifolds inside Bargmann–Eisenhart waves. Section 3.1 reviews the projection procedure of the geometry of
a Bargmann–Eisenhart wave onto a Newtonian geometry on the associated quotient manifold [32]. This pro-
jection procedure is then shown to provide the geometric background underpinning the Eisenhart lift [30]. In
Section 3.2, we review the dual procedure by showing that Bargmann–Eisenhart waves admit a natural foliation
by torsionfree Carrollian manifolds [11]. We further characterise the space of torsionfree Carrollian manifolds
that can be embedded in this way as endowed with an invariant connection.
The results of Sections 3.1 and 3.2 are then generalised in Section 4 and 5, respectively. Section 4 can be
seen as a follow up of the work [47] in which Platonic waves were introduced and characterised as conformal
Bargmann–Eisenhart. The projection of the Platonic structure onto the quotient manifold was then worked out
geometrically at the level of the metric structures. Section 4 of the present work reviews and completes these
previous results by addressing the connection side. Explicitly, the main result of this section consists in the
introduction of a new projection procedure generalising the one described in Section 3.1. This new projection
is shown to be suitable to account for the larger class of Platonic waves, for which the former procedure cannot
be applied. The projected connection is non-canonical but depends on a constant referred to as the weight.
The induced Newtonian connection on the quotient manifold differs from the one induced by the conformally
related Bargmann–Eisenhart wave via a shift in the Newtonian potential depending both on the weight and the
conformal factor. When focusing on the projection of geodesics, this procedure is shown to recover the gen-
eralisation of the Eisenhart lift by Lichnerowicz [53], thus providing a new geometric understanding of the latter.
Section 5 extends the results of Section 3.2 to the larger class of Dodgson waves. Explicitly, we show that any
Dodgson wave admits a natural lightlike foliation by pseudo-invariant Carrollian manifolds and conversely that
any pseudo-invariant Carrollian manifold can be embedded inside a (class of) Dodgson wave(s). This result
thus allows to generalise the embedding procedure to a larger class of Carrollian manifolds that can not be
embedded inside a Bargmann–Eisenhart wave. In particular, the maximally symmetric (A)dS Carroll manifold
[48] is shown to admit a natural embedding into the (Anti) de Sitter spacetime, considered as a Dodgson wave.
Conversely, (Anti) de Sitter spacetime is shown to admit a natural foliation by (A)dS Carroll manifolds of equal
radii. We conclude the section by displaying an ultrarelativistic avatar of the Eisenhart lift – referred to as
Carroll train13 – applicable to the class of Dodgson waves.
Note: Most of the results presented in Section 4 already appeared in an earlier form in the thesis work [54] of
the author as a result of a collaboration with Xavier Bekaert.
13Apart from the “horizontal” character of the embedding of Carrollian manifolds – as opposed to the vertical Eisenhart lift – ,
the terminology “Carroll train” refers to the short-lived comic journal The Train, edited by Edmund Yates, who published in 1856
the first piece of work – the romantic poem Solitude – of the Oxford college mathematics lecturer Charles Lutwidge Dodgson to be
signed under his more well-known pen name Lewis Carroll. In other words, The Train welcomed the transition from Dodgson to
Carroll, hence our choice to refer to it in the present context.
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1 Intrinsic geometries
We start by reviewing Galilean and Carrollian geometries from an intrinsic perspective. After recalling the
definitions of Galilean (resp. Carrollian) metric structures, particular attention is given to the respective notions
of connection in both geometries, focusing on the torsionfree case. Unlike in the Riemannian case, torsionfree
connections compatible with a given metric structure are not unique. We recall classification results of the spaces
of compatible connections as well as explicit component expressions for the most general connection in each
case. In view of subsequent discussions in the ambient context, we review distinguished subclasses of Galilean
and Carrollian manifolds. On the Galilean side, we recall the definition of Newtonian manifolds, a subclass
of Galilean manifolds containing the maximally symmetric flat Galilei and Newton-Hooke spacetimes. On the
Carrollian side, the class of Carrollian manifolds with invariant connection is discussed and argued to provide
the dual counterpart of Newtonian manifolds. Both dual geometries will be shown to admit an embedding inside
Bargmann–Eisenhart waves through the ambient approach of Duval et al. in Section 3. The class of invariant
Carrollian manifolds contains the maximally symmetric flat Carroll spacetime but fails to account for the (A)dS
Carroll spacetime. A larger subclass, dubbed pseudo-invariant Carrollian manifolds, is then introduced and
shown to contain (A)dS Carroll spacetime. The class of pseudo-invariant Carrollian manifolds will be shown in
Section 5 to be the largest class of torsionfree Carrollian manifolds admitting an embedding inside gravitational
waves.
1.1 Galilean
In the present section, we review Galilean (or Newton-Cartan) geometry (cf. e.g. [55, 56, 57]), starting with
the Galilean notion of metric structure14:
Definition 1.1 (Galilean structure). A Galilean structure is a triplet (M , ψ, h) where
• M is a manifold of dimension d+ 1.
• ψ ∈ Ω1 (M ) is a non-vanishing 1-form.
• h ∈ Γ (∨2TM ) is a contravariant metric satisfying the following properties:
– h is of rank d and of signature (0,+1, . . . ,+1︸ ︷︷ ︸
d
).
– The radical of h is spanned by ψ i.e. h(α, ·) = 0⇔ α ∼ ψ, where α ∈ Ω1 (M ).
Remark 1.2.
• Alternatively, a Galilean structure can be defined as a triplet (M , ψ, γ) where γ ∈ Γ( ∨2 (Ker ψ)∗) is a
rank d covariant Riemannian metric on Ker ψ of signature (+1, . . . ,+1︸ ︷︷ ︸
d
).
Since the data of h and γ are equivalent, we will denote the associated Galilean structure interchangeably
as
(
M , ψ, h
)
or
(
M , ψ, γ
)
.
• The 1-form ψ is sometimes referred to as an (absolute) clock while the metric h (or γ) is called a collection
of (absolute) rulers.
• The clock ψ allows to distinguish between two classes of vector fields X ∈ Γ (TM ):
14Galilean structures were referred to as Leibnizian structures in [56, 57]. In order to avoid confusion with the ambient notion of
Leibnizian manifolds [50, 6], we did not retain this terminology in the present work.
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– Spacelike: ψ(X) = 0
– Timelike: ψ(X) 6= 0.
A normalised timelike vector field
(
i.e. N ∈ Γ (TM ) | ψ(N) = 1) will be called a field of observers.
• Additional constraints can be imposed on the absolute clock ψ in order to make the notion of absolute
time and space more manifest:
– dψ ∧ ψ = 0 i.e. ψ is Frobenius so that the distribution Ker ψ of spacelike vectors is involutive,
hence integrable. The Frobenius condition ensures that the spacetimeM admits a natural foliation by
codimension one hypersurfaces corresponding to absolute spaces (or simultaneity slices). Locally,
one can always make use of the Frobenius theorem to express ψ = Ω dt, with t the absolute time
function (labelling the absolute spaces) and Ω the “time unit” function15.
– dψ = 0 i.e. ψ is closed and can thus always be expressed locally as ψ = dt16.
– Whenever dψ ∧ ψ 6= 0, the spacetime is called acausal17.
• In view of the previous remark, Galilean structures endowed with a Frobenius clock are privileged in
view of their causal properties. The space of Galilean structures with Frobenius clock is preserved by the
following action of the abelian multiplicative group of nowhere vanishing functions C∞6=0
(
M
)
:
ψ
Λ7→ Λ2 ψ , h Λ7→ Λ−2h , γ Λ7→ Λ2 γ with Λ ∈ C∞6=0
(
M
)
. (1.1)
Transformation (1.1) allows to define orbits18 [ψ, h] of Galilean structures with Frobenius clocks. Note
that any such orbit contains a distinguished representative (ψ¯, h¯) such that ψ¯ is closed. The latter will be
referred to as the special structure of [ψ, h].
Galilean structures with closed absolute clock can be upgraded to torsionfree Galilean manifolds via the intro-
duction of a compatible connection:
Definition 1.3 (Torsionfree Galilean manifold). A torsionfree Galilean manifold is a quadruplet (M , ψ, h,∇)
where:
• (M , ψ, h) is a Galilean structure with closed ψ i.e. dψ = 0.
• ∇ : Γ (TM )→ End(Γ (TM ) ) is a Koszul connection onM compatible with both ψ and h i.e. satisfying
1. ∇ψ = 0
2. ∇h = 0
and referred to as the Galilean connection.
As shown in [55], the closedness condition dψ = 0 is necessary in order to ensure the existence of torsionfree
Galilean connections. The latter are classified as follows [55]:
15Although two timelike observers sharing the same starting and ending points will generically measure different proper times,
the time unit allows them to synchronize their proper time with the absolute time, cf. e.g. [57] for details.
16In this case, any timelike observer is automatically synchronized with the absolute time.
17This terminology is justified by the following fact: in a spacetime endowed with a non-Frobenius clock, all points in a given
neighbourhood are simultaneous to each other, in the sense that any pair of points can be joined by a spacelike curve, cf. e.g. [57].
18Or equivalently [ψ, γ].
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Proposition 1.4 (Classification of torsionfree Galilean connections). Let (M , ψ, h) be a Galilean structure with
closed clock ψ.
• The space of torsionfree connections compatible with (M , ψ, h) is an affine space modelled on the vector
space Ω2(M ) of differential 2-forms on M .
• The most general expression19 for torsionfree connections compatible with (M , ψ, h) is given by:
Γλµν = N
λ∂(µψν) +
1
2h
λρ
(
∂µ
N
γρν + ∂ν
N
γρµ − ∂ρ
N
γµν
)
+ hλρψ(µ
N
F ν)ρ (1.2)
where
– N ∈ Γ (TM ) is a field of observers i.e. ψ(N) = 1. (1.3)
–
N
γ ∈ Γ (∨2T ∗M ) is the unique solution to:
N
γµνN
ν = 0 , hµρ
N
γρν = δ
µ
ν −Nµψν (1.4)
and referred to as the transverse metric associated with N .
–
N
F ∈ Ω2(M ) is an arbitrary 2-form called the gravitational fieldstrength.
Remark 1.5.
• When acting on spacelike vector fields, any Galilean connection ∇ compatible with (M , ψ, h) can be
shown20 to reduce to the Levi–Civita connection ∇γ associated to the Riemannian metric γ, that is
∇|Ker ψ = ∇γ . Two distinct Galilean connections will thus differ by their action on timelike vector fields.
• The gravitational fieldstrength
N
F encodes the arbitrariness in the torsionfree Galilean connection ∇ i.e.
the part of the connection that is not fixed by the compatibility relations with ψ and h. It can be
intrinsically defined as
N
Fµν = −2Nγλ[µ∇ν]Nλ.
• The space of fields of observers (i.e. vector fields on M satisfying (1.3)) is denoted FO (M , ψ). The
latter is an affine space modelled on Γ(Ker ψ) i.e. for any two fields of observers N,N ′ ∈ FO (M , ψ),
there exists V ∈ Γ (TM ) such that ψ(V ) = 0 and N ′ − N = V . Seen as an abelian group, the vector
space Γ(Ker ψ) is referred to as the Milne group [58].
• Expressions (1.2)-(1.4) are left invariant by a Milne-boost transformation:
N
V7→ N + V , Nγ V7→ Nγ − V [ ⊗ ψ − ψ ⊗ V [ + γ (V, V )ψ ⊗ ψ ,
N
F
V7→
N
F + dΦ (1.5)
where V ∈ Γ(Ker ψ) i.e. ψ(V ) = 0, V [µ :=
N
γµνV
ν and Φ ∈ Ω1 (M ) is defined as Φ := V [ − 12 γ (V, V )ψ.
The action (1.5) on FO (M , ψ) × Ω2(M ) allows to articulate the following classification result for torsionfree
Galilean connections [55], cf. also [57]:
Proposition 1.6. The space of torsionfree Galilean connections compatible with (M , ψ, h) possesses the struc-
ture of an affine space canonically isomorphic to the affine space FO(M ,ψ)×Ω
2(M )
Γ(Ker ψ) .
Before addressing some examples of Galilean manifolds, we introduce an interesting subclass thereof dubbed
Newtonian manifolds:
19An index free “Koszul-like” formula is displayed in [56, 57].
20The proof follows straightforwardly from the Koszul-like formula for Galilean connections [56, 57].
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Definition 1.7 (Newtonian manifold). A Newtonian manifold is a torsionfree Galilean manifold (M , ψ, h,∇)
such that the Galilean connection ∇ is Newtonian, i.e. ∇ satisfies the Duval–Künzle condition
R µ νρ σ = R
ν µ
σ ρ (1.6)
with R µ νρ σ := hνλR
µ
ρ|λσ and R
µ
ρ|λσ := dx
µ [R (∂λ, ∂σ; ∂ρ)].
Remark 1.8.
• A non-trivial result [55] states that the subspace of Newtonian connections possesses the structure of
an affine space21 modelled on the vector space of closed 2-forms. Explicitly, the torsionfree Galilean
connection (1.2) satisfies the Duval–Künzle condition if and only if the 2-form
N
F is closed i.e.
For all torsionfree Galilean connections R µ νρ σ = R
ν µ
σ ρ ⇔ d
N
F = 0. (1.7)
Note that condition (1.7) is Milne invariant since a Milne boost (1.5) rescales
N
F by an exact 2-form.
• Locally, and given a field of observers N ∈ FO (M , ψ), the arbitrariness in a Newtonian connection is
encoded in an equivalence class of 1-forms [
N
A], called the gravitational potential, and satisfying the
two following properties:
– For any representative
N
A ∈ [
N
A], we have
N
F = d
N
A.
– Any two representatives
N
A,
N
A′ ∈ [
N
A] differ by an exact 1-form i.e.
N
A′ −
N
A = df .
• The components of a Newtonian connection can be written in a manifestly Milne-invariant form as:
Γλµν = Z
λ∂(µψν) +
1
2h
λρ
(
∂µgρν + ∂νgρµ − ∂ρgµν
)
(1.8)
through the use of the following variables, (cf. [59, 58] and more recently [24, 57]):
Zµ = Nµ − hµνAν , φ = 2AµNµ − hµνAµAν , gµν = γµν + ψµAν +Aµψν (1.9)
where the field of observers Z is referred to as Coriolis-free, the metric g as Lagrangian and the scalar
φ as the Newtonian potential. The latter satisfy the set of relations:
ψµZ
µ = 1 , gµνZ
ν = φψµ , h
µνψν = 0 , h
µρgρν = δ
µ
ν − Zµψν . (1.10)
• Note that expression (1.8) is invariant under a so-called Maxwell-gauge transformation:
Zµ
f7→ Zµ − hµν∂νf , φ f7→ φ+ 2Zµ∂µf − hµν∂µf∂νf , gµν f7→ gµν + 2ψ(µ∂ν)f (1.11)
parameterised by f ∈ C∞ (M ).
• The set of relations (1.10) is preserved by a shift of the Newton potential:
Z
φ¯7→ Z , φ φ¯7→ φ+ φ¯ , g φ¯7→ g + φ¯ ψ ⊗ ψ , where φ¯ ∈ C∞ (M ) . (1.12)
The latter transformation induces an action of the abelian multiplicative group C∞ (M ) on the set of
Newtonian connections (compatible with a given closed Galilean structure) as:
Γλµν
φ¯7→ Γλµν − 12hλρ∂ρφ¯ ψµ ψν . (1.13)
21Despite the seemingly non-linear nature of the Duval–Künzle condition.
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• Newtonian manifolds are distinguished among torsionfree Galilean manifolds by the fact that the geodesic
equations associated to a Newtonian connection are Lagrangian. Explicitly, given a timelike observer x˙
(i.e. ψ(x˙) 6= 022), Euler-Lagrange equations of motion associated to the Lagrangian density L = 12 g(x˙,x˙)ψ(x˙)
identify with the geodesic equations associated to the Newtonian connection (1.8). Under a Maxwell-
gauge transformation (1.11), the Lagrangian density is shifted by a boundary term L f7→ L + dfdτ so that
the associated equations of motion are Maxwell-invariant.
We conclude this review of Galilean manifolds by displaying two distinguished examples:
Example 1.9 (Galilean manifolds).
• Flat Galilei manifold: The flat Galilei manifold is defined as the quadruplet (M , ψ, h,∇) where:
– M is a d+ 1-dimensional spacetime coordinatised by (t, xi) where i ∈ {1, . . . , d}.
– h stands for the Galilean metric h = δij∂i ∨ ∂j .
– ψ = dt spans the radical of h.
– ∇ is the flat connection (with vanishing coefficients Γ = 0) preserving both ψ and h.
• Newton-Hooke manifold: The Newton-Hooke manifold differs from the flat Galilei manifold by the
connection ∇. The latter is defined in this case as the non-flat connection preserving both ψ and h whose
only non-vanishing coefficients read Γitt = − x
i
R2 where R stands for the Newton-Hooke radius.
Two cases are to be distinguished according to the sign of the square of the Newton-Hooke radius R:
– R2 > 0: expanding Newton-Hooke
– R2 < 0: oscillating Newton-Hooke.
The flat Galilei manifold is recovered in the limit R→∞.
Remark 1.10.
• Note that the two examples displayed in Example 1.9 share the same Galilean structure (M , h, ψ) but
differ by the choice of Galilean connection, thus illustrating the arbitrariness in the latter (cf. Proposition
1.4).
• Both the flat Galilei and Newton-Hooke manifolds are examples of Newtonian manifolds, i.e. the associ-
ated Galilean connection is torsionfree and satisfies the Duval–Künzle condition (1.6).
• In particular, the Newton-Hooke connection can be put in the form (1.2) with:
N = ∂t ,
N
γ = δij dx
i ∨ dxj ,
N
F = d
N
A with
N
A =
|x|2
2R2
dt (1.14)
or alternatively in the form (1.8) through the identification:
Z = ∂t , g =
|x|2
R2
dt ∨ dt+ δij dxi ∨ dxj , φ = |x|
2
R2
. (1.15)
• The Newton-Hooke connection thus differs from the flat Galilei connection by a shift (1.12)-(1.13) of the
Newtonian potential parameterised by φ¯ = |x|
2
R2 .
22Note that this constraint is holonomic if ψ is closed, cf. e.g. [57].
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• Both the flat Galilei and Newton-Hooke manifolds are maximally symmetric Galilean manifolds i.e. their
isometry algebras23
g := {X ∈ Γ (TM ) | LXh = 0,LXψ = 0 and LX∇ = 0} (1.16)
are both of dimension (d+2)(d+1)2 . The latter are isomorphic to the Galilei algebra gal(d, 1) and the
Newton-Hooke algebras nh±(d, 1), respectively.
• The parameterised geodesic equation associated to the Newton-Hooke connection for an observer x(τ) ={
t(τ), xi(τ)
}
reads:
1. t¨ = 0
2. x¨i − xiR2 t˙2 = 0.
Solving the first equation as t = τ leads to the harmonic (resp. expanding) oscillator equation x¨i = x
i
R2
for R2 < 0 (resp. R2 > 0).
1.2 Carrollian
The present section aims at providing a self-contained review of torsionfree Carrollian geometries, following
[11, 50] (cf. also [60]). As such, it can be considered as the dual of Section 1.1, following the leitmotiv of [11]
describing Carrollian structures as dual of Galilean ones24.
Definition 1.11 (Carrollian structure). A Carrollian structure is a triplet (M , ξ, γ) where
• M is a manifold of dimension d+ 1.
• ξ ∈ Γ (TM ) is a non-vanishing vector field.
• γ ∈ Γ (∨2T ∗M ) is a covariant metric satisfying the following properties:
– γ is of rank d and of signature (0,+1, . . . ,+1︸ ︷︷ ︸
d
).
– The radical of γ is spanned by ξ i.e. γ(X, ·) = 0⇔ X ∼ ξ, where X ∈ Γ (TM ).
Remark 1.12.
• Alternatively, a Carrollian structure can be defined as a triplet (M , ξ, h) where h ∈ Γ( ∨2 (Ann ξ)∗) is a
rank d contravariant Riemannian metric on25 Ann ξ of signature (+1, . . . ,+1︸ ︷︷ ︸
d
).
• Recall that in the Galilean case, the 1-form ψ endowed our spacetime structure with a notion of time by
allowing to distinguish between spacelike and timelike vector fields X ∈ Γ (TM ). In the Carrollian case,
this rôle is played by the Carrollian vector field ξ – although in a slightly trivial way – as follows:
– Spacelike: X  ξ
– Timelike: X ∼ ξ.
23Let us emphasise that the connection is part of the structure and, as such, should be preserved by an isometric transformation.
Technically, the affine Killing condition LX∇ = 0 is necessary in order to ensure that the isometry algebra is finite-dimensional, cf.
footnote 28.
24Cf. e.g. Table I. of [50] for a summary of this duality at the level of geometric structures.
25Recall that sections of Ann ξ are 1-forms α ∈ Ω1 (M ) satisfying α(ξ) = 0.
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In other words, in a Carrollian spacetime, timelike observers worldlines identify with curves of the con-
gruence defined by the non-vanishing Carrollian vector field ξ. Furthermore, such observers are geodesic
with respect to (any) Carrollian connection, as follows from the defining conditions of the latter.
As in the Galilean case, Carrollian spacetimes can be endowed with a notion of parallelism via the introduction
of a compatible connection:
Definition 1.13 (Torsionfree Carrollian manifold). A torsionfree Carrollian manifold is a quadruplet (M , ξ, γ,∇)
where:
• (M , ξ, γ) is a Carrollian structure such that γ is invariant i.e. Lξγ = 0.
• ∇ : Γ (TM )→ End(Γ (TM ) ) is a Koszul connection onM compatible with both ξ and γ i.e. satisfying
1. ∇ξ = 0
2. ∇γ = 0
and referred to as the Carrollian connection.
As shown in [50], the Killing condition Lξγ = 0 is necessary in order to ensure the existence of torsionfree
Carrollian connections. The latter are classified as follows [50]:
Proposition 1.14 (Classification of torsionfree Carrollian connections). Let (M , ξ, γ) be a Carrollian structure
with invariant metric γ.
• The space of torsionfree connections compatible with (M , ξ, γ) is an affine space modelled on the vector
space Γ
(∨2Ann ξ).
• The most general expression26 for torsionfree connections compatible with (M , ξ, γ) is given by:
Γλµν = ξ
λ∂(µAν) +
1
2
A
hλα
(
∂µγαν + ∂νγαµ − ∂αγµν
)− ξλA(µLξAν) + ξλAΣµν (1.17)
where
– A ∈ Ω1 (M ) is an Ehresmann connection i.e. A(ξ) = 1. (1.18)
–
A
h ∈ Γ (∨2TM ) is the unique solution to:
A
hµνAν = 0 ,
A
hµργρν = δ
µ
ν − ξµAν (1.19)
and referred to as the transverse cometric associated with A.
–
A
Σ ∈ Γ (∨2Ann ξ) i.e. AΣ[µν] = 0 , AΣµν ξν = 0. (1.20)
Remark 1.15.
• The tensor
A
Σ encodes the arbitrariness in the torsionfree Carrollian connection ∇ i.e. the part of the
connection that is not fixed by the compatibility relations with ξ and γ. It can be intrinsically defined as
A
Σµν = −∇(µAν) +A(µ LξAν).
• The space of Ehresmann connections (i.e. 1-forms on M satisfying (1.18)) is denoted EC (M , ξ). The
latter is an affine space modelled on Γ (Ann ξ) i.e. for any two Ehresmann connections A,A′ ∈ EC (M , ξ),
there exists α ∈ Ω1 (M ) such that α(ξ) = 0 and A′ −A = α.
26An index free “Koszul-like” formula for Carrollian connections can be found in [50].
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• Expressions (1.17)-(1.20) are left invariant by a Carroll-boost transformation:
A
α7→ A+ α ,
A
h
α7→
A
h − α# ⊗ ξ − ξ ⊗ α# +
A
h(α, α) ξ ⊗ ξ (1.21)
A
Σµν
α7→
A
Σµν − 12Lα#γµν + α(µLξAν) +A(µLξαν) + α(µLξαν) (1.22)
where α ∈ Γ (Ann ξ) i.e. α(ξ) = 0 and α#µ :=
A
hµναν .
The action (1.21)-(1.22) on EC (M , ξ)× Γ (∨2Ann ξ) allows to precisely classify Carrollian connections [50]:
Proposition 1.16. The space of torsionfree Carrollian connections compatible with the Carrollian structure
(M , ψ, γ) possesses the structure of an affine space canonically isomorphic to the affine space
EC(M ,ξ)×Γ(∨2Ann ξ)
Γ(Ann ξ) .
We now introduce a subclass of torsionfree Carrollian manifolds, dubbed invariant Carrollian manifolds:
Definition 1.17 (Invariant Carrollian manifold). A torsionfree Carrollian manifold (M , ξ, γ,∇) for which the
Carrollian vector field ξ is affine Killing27 – i.e. Lξ∇ = 0 – will be said invariant28.
Remark 1.18.
• The torsionfree Carrollian connection (1.17) is invariant if and only if the following relation holds:
Lξ
A
Σµν +∇(µLξAν) − Lξ(A(µLξAν)) = 0. (1.23)
It can be checked that condition (1.23) is invariant under a Carroll boost (1.21)-(1.22).
• As will be further advocated in Section 3.2, invariant Carrollian manifolds can be seen as the natural
Carrollian counterpart to Newtonian manifolds. Similarly to the Newtonian case, the relevant condition
can be formulated in terms of a linear condition on the Riemann curvature as:
Rµν |αβ ξ
β = 0 (1.24)
which is indeed equivalent to the invariant condition Lξ∇ = 0 since for any torsionfree Carrollian manifold,
the following relation holds:
R(ξ,X)Y = (Lξ∇)XY for all X,Y ∈ Γ (TM ) . (1.25)
We now discuss two distinguished examples of torsionfree Carrollian manifolds:
Example 1.19 (Carrollian manifolds).
• Flat Carroll manifold [11]: The flat Carroll manifold is defined as the quadruplet (M , ξ, γ,∇) where:
– M is a d+ 1-dimensional spacetime coordinatised by (u, xi) where i ∈ {1, . . . , d}.
– γ stands for the Carrollian metric γ = δij dxi ∨ dxj with δ the d-dimensional flat Euclidean metric.
27The affine Killing condition is tensorial and reads more explicitly as (Lξ∇)XY = 0 for all X,Y ∈ Γ (TM ) where (Lξ∇)XY :=
[ξ,∇XY ]−∇[ξ,X]Y −∇X [ξ, Y ] or in components
(Lξ∇) λµν := ξρ∂ρΓλµν + Γλρν∂µξρ + Γλµρ∂νξρ − Γρµν∂ρξλ + ∂µ∂νξλ.
Note that, in the torsionfree case, the latter expression can be recast as
(Lξ∇) λµν = ∇µ∇νξλ −Rλν|µρξρ.
28Recall that any Killing vector field ξ for a non-degenerate metric g is automatically affine Killing for the associated Levi–Civita
connection ∇ i.e. Lξg = 0 ⇒ Lξ∇ = 0. However, there is no such implication in the Carrollian case, so that ξ is not necessarily
affine Killing for ∇ despite being Killing for γ, i.e. Lξγ = 0 6⇒ Lξ∇ = 0. This is related to the fact that, in contradistinction with
the non-degenerate case, the Carrollian metric structure (M , ξ, γ) does not entirely determine torsionfree compatible connections,
cf. Proposition 1.14.
12
– The Carrollian vector field ξ = ∂u spans the radical of γ and satisfies Lξγ = 0.
– ∇ is the flat connection preserving both ξ and γ with vanishing coefficients Γ = 0.
• (A)dS Carroll manifold [48]: The (A)dS Carroll manifold is defined as the quadruplet (M , ξ, γ,∇)
where:
– M is a d+ 1-dimensional spacetime coordinatised by (u, xi) where i ∈ {1, . . . , d}.
– γ stands for the Carrollian metric γ = γij dxi ∨ dxj where
γij = δij +
( R2
|x|2 sinh
2 |x|
R
− 1
)
Pij with |x| :=
√
δijxixj and Pij := δij −
xixj
|x|2 (1.26)
is the d-dimensional (hyperbolic) spherical metric whenever (R2 > 0) R2 < 0.
– The Carrollian vector field ξ = ∂u spans the radical of γ and satisfies Lξγ = 0.
– ∇ is the non-flat connection preserving both ξ and γ whose non-vanishing coefficients read:
Γuij = −
u
R2
γij , Γ
i
jk =
1
2γ
il (∂jγlk + ∂kγlj − ∂lγjk) . (1.27)
Remark 1.20.
• Being torsionfree and Carrollian, the connection (1.27) can be put in the form (1.17) upon the identification
A = du ,
A
h = γij ∂i ∨ ∂j ,
A
Σ = − u
R2
γ (1.28)
or equivalently, upon performing a Carroll boost:
A = du− u
R
xi
|x| tanh
|x|
R
dxi ,
A
h =
u2
R2
tanh2
|x|
R
∂u ∨ ∂u + 2 u
R
xi
|x| tanh
|x|
R
∂u ∨ ∂i + γij ∂i ∨ ∂j ,
A
Σ = 0. (1.29)
• The flat Carroll connection is obviously invariant, cf. Definition 1.17. However, the (A)dS Carroll
connection (1.27) is not invariant, rather Lξ∇ = − 1R2 ξ ⊗ γ.
• Both the flat and (A)dS Carroll manifolds are maximally symmetric i.e. their isometry algebras
g := {X ∈ Γ (TM ) | LXξ = 0,LXγ = 0 and LX∇ = 0} (1.30)
are both of dimension (d+2)(d+1)2 . The latter are isomorphic to the Carroll algebra carr(d, 1) and the (A)dS
Carroll algebra carr±(d, 1), respectively.
• Contrarily to the Galilean case where maximally symmetric spacetimes share the same metric structure
(differing only by the choice of compatible connection), Carrollian maximally symmetric spacetimes differ
already at the metric level.
As we will show in Section 3.2.2, the non-invariance of the (A)dS Carroll connection prevents the possibility
of its embedding within the framework of [11]. We now introduce a weaker notion of invariance for Carrollian
manifolds that will prove to be relevant in order to account for the (A)dS Carroll case:
Definition 1.21 (Pseudo-invariant Carrollian manifold). Let (M , ξ, γ,∇) be a torsionfree Carrollian manifold.
The connection ∇ will be said pseudo-invariant if there exists a nowhere vanishing invariant function Ω ∈
C∞inv|6=0 (M ), referred to as the scaling factor, such that the vector field ξ¯ := Ω ξ is affine Killing for ∇ i.e.
Lξ¯∇ = 0.
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Remark 1.22.
• Generically, the vector field ξ¯ is not parallelised29 by ∇ but rather recurrent [61] with respect to the latter
since ∇ξ¯ = d ln Ω⊗ ξ¯.
• The affine Killing condition for ξ¯ can be reformulated in terms of ξ as:
Lξ∇λµν = −ξλ Ω−1∇µ∇ν Ω. (1.31)
• The torsionfree Carrollian connection (1.17) is pseudo-invariant if and only if:
Lξ
A
Σµν +∇(µLξAν) − Lξ(A(µLξAν)) = −Ω−1∇µ∇ν Ω. (1.32)
for some nowhere vanishing invariant function Ω ∈ C∞inv|6=0 (M ).
• From (1.32), it follows that the tensor
A
Σ associated with a pseudo-invariant Carrollian connection is
invariant (i.e. Lξ
A
Σ=0) if LξA = −d ln Ω.
We conclude this section by showing that:
Proposition 1.23. The (A)dS Carroll connection is pseudo-invariant, with scaling factor Ω = cosh |x|R .
Proof. The proof follows straightforwardly from the following equalities:
• ∂iΩ = xi|x| 1R sinh |x|R
• ∂i ln Ω = xi|x| 1R tanh |x|R
• ∂i∂jΩ = 1R|x|Pij sinh |x|R + 1R2 xixj|x|2 cosh |x|R
• Ω−1∂i∂jΩ = 1R|x|Pij tanh |x|R + 1R2 xixj|x|2
• Γkij = − 2|x|2
(
1− |x|R coth |x|R
)
Pk(i xj) +
(
1− R|x| cosh |x|R sinh |x|R
)
xk
|x|2 Pij
• Γkij∂k ln Ω = 1|x|R tanh |x|R Pij − 1|x|2 sinh2 |x|R Pij
• Ω−1∇i∇jΩ = 1R2 γij .
Beyond the fact that it accounts for the case of the (A)dS Carroll spacetime, the notion of pseudo-invariant
Carrollian manifold will prove relevant within the ambient context. In particular, it will be shown in Section 5
that pseudo-invariant Carrollian manifolds constitute the most general class of torsionfree Carrollian spacetimes
arising as leaves of the foliation of a gravitational wave.
29In other words (M , ξ¯, γ,∇) is not a Carrollian manifold.
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2 Geometry of gravitational waves
This section is devoted to the geometry of various Lorentzian spacetimes that fall under the label of gravitational
waves30. After reviewing some classical definitions, we introduce a new subclass – dubbed Dodgson waves –
which will prove relevant regarding the ambient approach to Carrollian manifolds, cf. Section 5. A summary of
the hierarchy of spacetimes discussed throughout the present section is provided by Table 1 and Figure 2 while
local expressions can be found in Section 2.9.
Terminology 2.1. We will denote ambient (d+2-dimensional) structures by topping them with a hat, in order
to distinguish them from intrinsic (d+ 1-dimensional) structures, as discussed in Section 1.
2.1 Bargmannian structures
Before focusing on gravitational waves, we start by recalling the notion of Bargmannian structures31 – i.e.
Lorentzian spacetimes endowed with a lightlike vector field – in order to introduce various related objects and
notions as well as to fix some terminology:
Definition 2.2 (Bargmannian structure). A Bargmannian structure is a triplet
(
Mˆ , ξˆ, gˆ
)
where:
• Mˆ is a manifold of dimension d+ 2.
• ξˆ ∈ Γ(TMˆ ) is a nowhere vanishing vector field.
• gˆ ∈ Γ
(
∨2T ∗Mˆ
)
is a covariant metric such that:
– gˆ is of rank d+ 2 and signature (−1,+1, . . . ,+1︸ ︷︷ ︸
d+1
).
– ξˆ is lightlike with respect to gˆ i.e. gˆ(ξˆ, ξˆ) = 0.
Remark 2.3.
• A Bargmannian structure (Mˆ , ξˆ, gˆ) supplemented with a compatible connection ∇ˆ (i.e. satisfying ∇ˆξˆ = 0
and ∇ˆgˆ = 0) will be referred to as a Bargmannian manifold [32] (cf. also the companion paper [6]).
• In the present section, the notion of parallelism associated with a given Bargmannian structure (Mˆ , ξˆ, gˆ)
will be provided by the Levi–Civita connection ∇ˆ associated with the Lorentzian metric gˆ. Note that, in
general, the quadruplet
(
Mˆ , ξˆ, gˆ, ∇ˆ) is not a Bargmannian manifold since the Levi–Civita connection in
general fails to preserve the vector field ξˆ (i.e. ∇ˆξˆ 6= 0 in general). Among Bargmannian structures, only
Bargmann–Eisenhart waves (to be introduced in Definition 2.10) are Bargmannian manifolds.
• The nowhere vanishing 1-form dual to ξˆ with respect to gˆ will be denoted ψˆ ∈ Ω(Mˆ ) (i.e. ψˆ := gˆ(ξˆ))
while Γ(Ker ψˆ) :=
{
V ∈ Γ(TMˆ ) | ψˆ(V ) = 0} will denote the distribution of vector fields spanning the
kernel of ψˆ.
• Note that the fact that ξˆ is assumed to be lightlike ensures that ψˆ(ξˆ) = 0 i.e. ξˆ ∈ Γ(Ker ψˆ).
• Given a Bargmannian structure (Mˆ , ξˆ, gˆ), any function Ω ∈ C∞(Mˆ ) satisfying Lξˆ Ω = 0 will be called
invariant and the space of invariant functions will be denoted C∞inv
(
Mˆ
)
.
30We restrict ourselves to considerations at the kinematical level i.e. none of the definitions below involve equations of motion.
31We pursue with the terminology used in Section 1 which distinguishes between manifolds endowed with metric structures
(referred to as structures) and structures supplemented with a compatible connection (referred to as manifolds), cf. footnote 9.
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• The space of Bargmannian structures is invariant under the following free action of the abelian multiplica-
tive group defined as the direct product of nowhere vanishing functions C∞6=0
(
Mˆ
)× C∞6=0(Mˆ ):
ξˆ
Ω7→ Ω ξˆ (2.1)
gˆ
Λ7→ Λ2 gˆ (2.2)
where Ω,Λ ∈ C∞6=0
(
Mˆ
)
.32
• An orbit of Bargmannian structures under the group action (2.1) (resp. (2.2)) will be denoted (Mˆ , [ξˆ], gˆ)(
resp. (Mˆ , ξˆ, [gˆ])
)
.
• Given an orbit (Mˆ , [ξˆ], gˆ) (resp. (Mˆ , ξˆ, [gˆ])), the distribution Ker ψˆ, where ψˆ = gˆ(ξˆ) with ξˆ (resp. gˆ) any
representative of the orbit, is canonical i.e. independent of the choice of representative.
• The covariant metric γˆ ∈ Γ( ∨2 (Ker ψˆ)∗) induced by the Bargmannian metric gˆ on Ker ψˆ ( i.e. γˆ :=
gˆ|Ker ψˆ
)
is called the Leibnizian metric induced by
(
Mˆ , ξˆ, gˆ
)
. One can check that Rad γˆ = Span ξˆ so
that the quadruplet
(
Mˆ , ξˆ, ψˆ, γˆ
)
forms a Leibnizian structure, as defined in [50, 6].
2.2 Gravitational waves
Definition 2.4 (Gravitational wave). A gravitational wave is an orbit (Mˆ , [ξˆ], gˆ) of Bargmannian structures
such that, for any representative ξˆ ∈ [ξˆ], the following equivalent conditions hold:
• ξˆ is hypersurface-orthogonal.
• ψˆ := gˆ(ξˆ) satisfies the Frobenius integrability condition, i.e. dˆψˆ ∧ ψˆ = 0.33
• The canonical distribution Ker ψˆ is involutive.
The integrability condition ensures, via Frobenius theorem, that the (d + 2)-dimensional spacetime Mˆ of a
gravitational wave admits a canonical foliation by a family of (d + 1)-dimensional lightlike hypersurfaces Mt
whose tangent space TxMt at each point x ∈Mt is isomorphic to Ker ψˆx. Such hypersurfaces will be referred
to as wavefront worldvolumes, consistently with the terminology adopted in [47, 57, 50], while the integral
curves of ξˆ will be called rays (cf. Figure 1).
The following proposition follows straightforwardly from Frobenius Theorem:
Proposition 2.5. Let (Mˆ , [ξˆ], gˆ) be a gravitational wave.
For any representative ξˆ ∈ [ξˆ] and dual 1-form ψˆ := gˆ(ξˆ), the following statements hold:
• Locally, there exists a nowhere vanishing function Ω ∈ C∞6=0
(
Mˆ
)
, referred to as the scaling factor of ξˆ
with respect to gˆ, such that:
dˆψˆ = dˆ ln Ω ∧ ψˆ. (2.3)
• Letting ˆ¯ξ := Ω−1ξˆ, the 1-form ˆ¯ψ ∈ Ω1 (M ) defined as ˆ¯ψ := gˆ( ˆ¯ξ) = Ω−1 ψˆ is closed, i.e. dˆ ˆ¯ψ = 0.
The representative ˆ¯ξ (unique up to constant rescaling) will be called the special vector field of [ξˆ].
32The square in (2.2) is introduced for later convenience.
33Where dˆ : Ω•(Mˆ )→ Ω•+1(Mˆ ) denotes the de Rham differential on Mˆ .
16
Figure 1: Foliation of a gravitational wave by wavefront worldvolumes
• The space of gravitational waves is invariant under the action (2.2). Under such an action, the scaling
factor Ω in (2.3) is rescaled according to Ω Λ7→ Ω Λ2.
In the following, we will make use of two different parameterisations regarding the local expression of gravita-
tional waves. These two classes of coordinate systems will prove useful in order to discuss the embedding of
Galilean and Carrollian manifolds, respectively.
Let (Mˆ , [ξˆ], gˆ) be a gravitational wave:
• Galilean
The first parameterisation makes explicit use of Galilean variables34, cf. (1.9):
xµˆ ∈ {u, xµ} , gˆ−1 :=
(−φ Zν
Zµ hµν
)
, gˆ :=
(
0 ψν
ψµ gµν
)
(2.4)
where all variables are functions of xµˆ ∈ {u, xµ}, where µˆ ∈ {0, . . . , d+ 1} and µ ∈ {0, . . . , d}.
The associated line element reads more explicitly
dˆs2 = 2ψµ dx
µ du+ gµν dx
µ dxν . (2.5)
As seen in (2.5), the u direction is lightlike, allowing to define the lightlike vector field ξˆ := ∂u.
The dual 1-form ψˆ := gˆ(ξˆ) reads ψˆ = ψµdxµ so that ψˆ(ξˆ) = 0.
The orbit [ξˆ] is obtained by acting on ξˆ with (2.1).
We further assume the following relations:
– Algebraic
ψµZ
µ = 1 , gµνZ
ν = φψµ , h
µνψν = 0 , h
µρgρν = δ
µ
ν − Zµψν . (2.6)
– Differential
hµν∂uψν = 0 and dψ ∧ ψ = 0. (2.7)
34Note however that the variables appearing in the present section are a priori defined over the whole ambient spacetime Mˆ .
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Remark 2.6.
– Note that the above algebraic conditions formally identify with the defining relations (1.10) of the
Galilean variables (ψ, h, φ, Z, g). These algebraic relations guarantee that gˆµˆλˆgˆλˆνˆ = δ
µˆ
νˆ while the
differential ones ensure that ψˆ is Frobenius i.e. dˆψˆ ∧ ψˆ = 0.
– Alternatively, one can choose to assume the stronger differential constraints:
∂uψν = 0 and dψ = 0 (2.8)
which ensures that dˆψˆ = 0, so that ξˆ identifies in this case with the special vector field of [ξˆ], cf.
Proposition 2.5.
– The line element (2.5) is left invariant by the following shift35 of the coordinate u with respect to
the invariant function f(x) ∈ C∞inv
(
Mˆ
)
:
u
f7→ u− f , gµν f7→ gµν + 2ψ(µ∂ν)f
Zµ
f7→ Zµ − hµν∂νf , φ f7→ φ+ 2Zµ∂µf − hµν∂µf∂νf. (2.9)
In other words, a shift of the lightlike coordinate u amounts to a Maxwell-gauge transformation (1.11)
of the Galilean variables.
– For further use, we note that the Christoffel coefficients associated with (2.4) read:
Γˆuuu = Z
λ∂uψλ
Γˆuuν =
1
2Z
α
(
∂ugαν + 2 ∂[νψα]
)
Γˆuµν = − 12LZgµν + ∂(µφψν) + 12φ∂ugµν
Γˆλuu = h
λα∂uψα
Γˆλuν =
1
2h
λα
(
∂ugαν + 2∂[νψα]
)
Γˆλµν = Z
λ∂(µψν) +
1
2h
λα
(
∂µgαν + ∂νgαµ − ∂αgµν
)− 12Zλ∂ugµν .
• Carrollian
As an alternative to the Galilean choice, any gravitational wave can be parameterised in terms of Carrollian
variables [50, 60]:
xµˆ ∈ {t, xµ} , gˆ−1 :=
(
0 ξν
ξµ gµν
)
, gˆ :=
(−λ Aν
Aµ γµν
)
(2.10)
where all variables are functions of xµˆ ∈ {t, xµ} and the line element takes the following form:
ds2 = −λ dt2 + 2Aµdxµ dt+ γµνdxµ dxν . (2.11)
Similarly to the Galilean case, we need to assume the following algebraic relations:
Aµξ
µ = 1 , γµνξ
ν = 0 , gµνAν = λ ξ
µ , gµργρν = δ
µ
ν − ξµAν . (2.12)
Acting on ˆ¯ξ := ξµ∂µ with (2.1) defines the orbit [ξˆ]. We note that the dual 1-form ˆ¯ψ := gˆ( ˆ¯ξ) reads ˆ¯ψ = dt,
so that dˆ ˆ¯ψ = 0 and ˆ¯ξ is thus the special vector field of [ξˆ]. Contrarily to the Galilean case, no differential
condition is necessary and any vector field ξˆ ∈ [ξˆ] is automatically hypersurface-orthogonal.
35Cf. [47, 57] for an interpretation of the transformation (2.9) both in a purely nonrelativistic and ambient context.
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For further applications, we introduce an alternative Carrollian parameterisation for which the represen-
tative vector field is not necessarily special, as:
gˆ−1 :=
(
0 Ω−1ξν
Ω−1ξµ gµν
)
, gˆ :=
(−Ω2λ ΩAν
ΩAµ γµν
)
(2.13)
where {ξ, γ, A, g} satisfy the algebraic relations (2.12) and Ω ∈ C∞6=0
(
Mˆ
)
is nowhere vanishing.
Defining ξˆ := ξµ∂µ leads to ψˆ := gˆ(ξˆ) = Ω dt so that dˆψˆ = dˆ ln Ω ∧ ψˆ and ψˆ is Frobenius.
The Christoffel coefficients associated with (2.13) read:
Γˆttt =
1
2ΩLξλ+ ξα∂tAα + λLξΩ + ∂t ln Ω
Γˆttν =
1
2 (Ω
−1ξα∂tγαν − LξAν + ∂ν ln Ω− Lξ ln ΩAν)
Γˆtµν = − 12Ω−1Lξγµν (2.14)
Γˆλtt = − 12 Ω ξλ∂tλ+ Ω gλα∂tAα + 12Ω2gλα∂αλ+ gλρλΩ ∂ρΩ
Γˆλtν = − 12Ω ξλ∂νλ− 12λξλ∂νΩ + 12gλα
(
∂tγαν + 2Ω∂[νAα] − ∂αΩAν
)
Γˆλµν = ξ
λ∂(µAν) +
1
2g
λα
(
∂µγαν + ∂νγαµ − ∂αγµν
)− 12Ω−1ξλ∂tγµν + ξλ∂(µln ΩAν).
2.3 Kundt waves
We now focus on a subclass of gravitational waves, called Kundt waves, cf. [62, 63, 64]. This class of spacetimes
is of particular importance within the context of string theory as they constitute promising candidates for
classical string vacua, generalising the Ricci flat pp-waves [45, 46]. More precisely, it has been shown recently
that all 4-dimensional universal36 metrics of Lorentzian signature are of the Kundt type [66]. Furthermore, all
known examples of Lorentzian universal spacetimes in higher-dimensions are Kundt, cf. [65, 67, 68].
Kundt waves can be geometrically defined as:
Definition 2.7 (Kundt wave [64]). A Kundt wave is a gravitational wave (Mˆ , [ξˆ], gˆ) such that any representative
ξˆ ∈ [ξˆ] is geodesic, expansionless, shearless and twistless.
A more convenient definition for our purpose is given by the following lemma (cf. e.g. [54]):
Lemma 2.8. A gravitational wave (Mˆ , [ξˆ], gˆ) is a Kundt wave if and only if the following equivalent conditions
hold:
1. For all V,W ∈ Γ(Ker ψˆ), ∇ˆVW ∈ Γ(Ker ψˆ).
2. For all V,W ∈ Γ(Ker ψˆ) and ξˆ ∈ [ξˆ], (Lξˆ gˆ)(V,W ) = 0.
3. For all V,W ∈ Γ(Ker ψˆ) and ξˆ ∈ [ξˆ], (∇ˆV ψˆ)(W ) = 0.
4. For all ξˆ ∈ [ξˆ], there exists η ∈ Γ(Ann ξˆ) and ω ∈ Ω(Mˆ ) such that
∇ˆψˆ = ψˆ ⊗ η + ω ⊗ ψˆ. (2.15)
36Recall that a metric is called universal [65] if the following condition is satisfied: all conserved symmetric rank-2 tensors
constructed from the metric, the Riemann tensor (of the associated Levi–Civita connection) and its covariant derivatives are
themselves multiples of the metric. Hence, universal metrics provide vacuum solutions for all gravitational theories whose Lagrangian
is a diffeomorphism invariant density constructed from the metric, the Riemann tensor and its covariant derivatives. In other words,
universal spacetimes are solutions to Einstein equations while being immune to any higher-order – or “quantum” – corrections.
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Here Ker ψˆ denotes the canonical distribution induced by (Mˆ , [ξˆ], gˆ) and ∇ˆ is the Levi–Civita connection asso-
ciated with gˆ.
Remark 2.9.
• The previous lemma can be used in order to characterise Kundt waves using the previously introduced
parameterisations:
– Galilean: ∂ug|Ker ψ = 0 or equivalently ∂uhµν = 0. (2.16)
– Carrollian: Lξγ = 0. (2.17)
• Equation (2.15) is invariant under the following action of the direct product of the abelian multiplicative
groups of nowhere vanishing functions and nowhere vanishing invariant functions C∞6=0
(
Mˆ
)×C∞inv|6=0(Mˆ ):
ξˆ
Ω,Λ7→ Ω ξˆ , gˆ Ω,Λ7→ Λ2gˆ , ψˆ Ω,Λ7→ Λ2Ω ψˆ , η Ω,Λ7→ η − dˆ ln Λ , ω Ω,Λ7→ ω + dˆ ln Λ + dˆ ln Ω (2.18)
where Ω ∈ C∞6=0
(
Mˆ
)
and Λ ∈ C∞inv|6=0
(
Mˆ
)
.
• The first item of Lemma 2.8 entails that the wavefront worldvolumes foliating a gravitational wave are
autoparallel submanifolds37 with respect to the associated Levi–Civita connection if and only the grav-
itational wave is Kundt. This property will impart Kundt waves a particular rôle in the context of the
embedding of Carrollian manifolds, cf. Sections 3.2 and 5.
2.4 Bargmann–Eisenhart waves
We pursue our typology of gravitational waves by reviewing two subclasses of Kundt waves that proved partic-
ularly relevant regarding the ambient approach to non-Riemannian structures. In the present section, we start
by discussing a class first introduced by Brinkmann in [51] before being brought in the context of the embedding
of nonrelativistic physics by Eisenhart in [30]. This class is at the center of the ambient approach of Duval et
al. [32, 33] who in particular emphasised the deep connection between this class of gravitational waves and
the Bargmann algebra38, cf. below. For these reasons, this important class was dubbed Bargmann–Eisenhart
waves in [47].
Definition 2.10 (Bargmann–Eisenhart wave). A Bargmann–Eisenhart wave (Mˆ , ξˆ, gˆ) is a gravitational wave
(Mˆ , [ξˆ], gˆ) such that there exists a distinguished representative ξˆ ∈ [ξˆ] parallelised by the Levi–Civita connection
∇ˆ associated with gˆ, i.e. ∇ˆξˆ = 0.
Equivalently, the two following conditions are satisfied:
1. The vector field ξˆ is Killing for the metric gˆ, i.e. Lξˆ gˆ = 0.
2. The 1-form ψˆ is closed, i.e. dˆψˆ = 0.
Remark 2.11.
• In other words, a Bargmann–Eisenhart wave is a gravitational wave for which the special vector field is
Killing.
37Recall that a distribution D ⊂ TM is said to be autoparallel with respect to the connection ∇ if ∇XY ∈ Γ (D) for all
X,Y ∈ Γ (D). If ∇ is torsionfree, then the autoparallel distribution D is involutive (i.e. [X,Y ] ∈ Γ (D) for all X,Y ∈ Γ (D)) hence
integrable and the leaves of the induced foliation are said to be autoparallel submanifolds.
38Recall that the Bargmann algebra is the central extension of the Galilei algebra, cf. footnote 7.
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• Bargmann–Eisenhart waves are Kundt as the 1-form ψˆ dual to ξˆ satisfies ∇ˆψˆ = 0, cf. (2.15).
• As mentioned in Section 2.1, Bargmann–Eisenhart waves are the only gravitational waves inducing a
Bargmannian manifold (Mˆ , ξˆ, gˆ, ∇ˆ) (cf. Remark 2.3). More precisely, Bargmann–Eisenhart waves can be
equivalently characterised as torsionfree Bargmannian manifolds. Put differently, Bargmann–Eisenhart
waves can be seen as torsionfree Cartan geometries for the Bargmann algebra bar(d+ 1, 1), cf. [43, 54, 6].
• The space of Bargmann–Eisenhart waves is preserved by the following action of the abelian multiplicative
group of invariant functions C∞inv
(
Mˆ
)
:
ξˆ
φˆ7→ ξˆ , gˆ φˆ7→ gˆ + φˆ ψˆ ⊗ ψˆ , ψˆ φˆ7→ ψˆ , with φˆ ∈ C∞inv
(
Mˆ
)
. (2.19)
The crucial rôle played by Bargmann–Eisenhart waves within the context of the ambient approach (both of
nonrelativistic and ultrarelativistic structures) will be reviewed in Section 3.
2.5 Platonic waves
The second subclass of Kundt waves we would like to discuss has first been introduced in the context of lightlike
reduction in the works [53, 69] and further studied in [47] where it was dubbed Platonic waves (based on an
analogy of [70, 71]). It can be seen as a generalisation of the class of Bargmann–Eisenhart waves for which the
Killing vector field is not necessarily special.
Definition 2.12 (Platonic wave). A Platonic wave (Mˆ , ξˆ, gˆ) is a gravitational wave (Mˆ , [ξˆ], gˆ) such that there
exists a distinguished representative ξˆ ∈ [ξˆ] which is Killing with respect to the metric gˆ i.e. Lξˆ gˆ = 0.
Remark 2.13.
• Platonic waves have been shown to be Kundt39 in [47].
• The space of Platonic waves is preserved by the following action of the abelian multiplicative group of
nowhere vanishing invariant functions C∞inv|6=0
(
Mˆ
)
:
ξˆ
Λ7→ ξˆ , gˆ Λ7→ Λ2 gˆ , ψˆ Λ7→ Λ2 ψˆ. (2.20)
• Making use of the Galilean parameterisation (2.4), a gravitational wave is Platonic if and only if ∂uψµ = 0
and ∂ugµν = 0.
The following statement was proved in [47]
(
cf. the group action (2.20)
)
:
Proposition 2.14. Any orbit of Platonic waves contains a Bargmann–Eisenhart wave.
In other words, Platonic waves can be characterised as conformal Bargmann–Eisenhart waves with preserved
lightlike Killing vector field.
The rôle of Platonic waves regarding the embedding of Galilean structures will be discussed in Section 4.
39More precisely, it has been shown in [47] that Platonic waves belong to the more restrictive class of degenerate Kundt
spacetimes, cf. [64] for a geometric definition.
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2.6 Walker waves
The fourth item of Lemma 2.8 suggests to introduce two new subclasses of Kundt waves, namely when one or
the other 1-form η or ω vanishes. Whenever the 1-form η is assumed to vanish, the subclass of Kundt waves
described is known as Walker waves in the literature, cf. [72, 61].
Definition 2.15 (Walker wave). A Walker wave (Mˆ , [ξˆ], gˆ) is a gravitational wave such that for any represen-
tative ξˆ ∈ [ξˆ], there exists a 1-form ω ∈ Ω(Mˆ ) such that:
∇ˆξˆ = ω ⊗ ξˆ. (2.21)
Remark 2.16.
• Walker waves are Kundt waves, as is obvious from comparing condition (2.21) and the fourth item of
Lemma 2.8.
• A vector field satisfying (2.21) is said recurrent and ω is referred to as the recurrent 1-form [61].
• Condition (2.21) is invariant under the following action of the abelian multiplicative group of nowhere
vanishing functions C∞6=0
(
Mˆ
)
:
ξˆ
Ω7→ Ω ξˆ , ψˆ Ω7→ Ω ψˆ , ω Ω7→ ω + dˆ ln Ω. (2.22)
This last property ensures that the definition of a Walker wave – involving an orbit [ξˆ] of lightlike vector
fields – is consistent.
• The subclass of Walker waves with exact recurrent 1-form identifies with the class of Bargmann–Eisenhart
waves.
2.7 Dodgson waves
Dually to the Walker case, we now consider the subclass of Kundt waves defined by imposing that the 1-form ω
in (2.15) vanishes. We dubbed this subclass Dodgson waves in order to emphasise its connection with Carrollian
geometry, as discussed in Section 5.
Definition 2.17 (Dodgson wave). A Dodgson wave (Mˆ , ξˆ, gˆ) is a gravitational wave (Mˆ , [ξˆ], gˆ) such that there
exists a distinguished representative ξˆ ∈ [ξˆ] satisfying the condition:
• For all V ∈ Γ(Ker ψˆ), ∇ˆV ξˆ = 0. (2.23)
where Ker ψˆ is the canonical distribution induced by (Mˆ , [ξˆ], gˆ).
Equivalently, there exists a 1-form η ∈ Γ(Ann ξˆ), called the Dodgson 1-form, such that
∇ˆψˆ = ψˆ ⊗ η. (2.24)
Remark 2.18.
• Dodgson waves are Kundt waves, as follows straightforwardly from comparing the defining condition (2.24)
with the fourth item of Lemma 2.8.
• Despite their seemingly symmetric definitions as subclasses of Kundt waves, Walker and Dodgson waves
differ from the fact that
(
contrarily to (2.21)
)
the defining condition (2.24) is not invariant under a
rescaling40 of the lightlike vector field ξˆ. Consequently, the definition of a Dodgson wave involves a
distinguished representative ξˆ ∈ [ξˆ], in contradistinction with Definition 2.15.
40More precisely, a rescaling of ξˆ cannot be compensated by a mere shift of η, as was the case in (2.22).
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• Furthermore, Walker waves can be shown to belong to the Dodgson class by writing the recurrency
condition (2.21) with respect to the special vector field ˆ¯ξ ∈ [ξˆ] for which the recurrence form ω is collinear
to the closed dual 1-form ˆ¯ψ := gˆ( ˆ¯ξ)
(
i.e. ω = κ ˆ¯ψ for some function κ ∈ C∞(Mˆ )).
• A non-trivial group action on Dodgson waves can be defined, the latter involving a rescaling of the metric
gˆ. Explicitly, condition (2.24) is invariant under the following action of the abelian multiplicative group
of nowhere vanishing invariant functions C∞inv|6=0
(
Mˆ
)
:
ξˆ
Λ7→ Λ−1 ξˆ , gˆ Λ7→ Λ2 gˆ , ψˆ Λ7→ Λ ψˆ , η Λ7→ η − dˆ ln Λ (2.25)
where Λ ∈ C∞inv|6=0
(
Mˆ
)
.
We already noticed that Walker waves are Dodgson. Conversely – in the same spirit as Platonic waves were
characterised as conformal “Bargmann–Eisenhart”, cf. Proposition 2.14 – Dodgson waves can be characterised
as “conformal Walker” in the following sense41:
Proposition 2.19. Any orbit of Dodgson waves contains a Walker wave.
Proof. Skewsymmetrising (2.24) leads to dˆψˆ = −η∧ψˆ so that ψˆ is Frobenius and locally we have dˆψˆ = dˆ ln Ω∧ψˆ
for some scaling factor Ω ∈ C∞6=0
(
Mˆ
)
. Consequently, the 1-form η can be written as η = −dˆ ln Ω− κ ψˆ for some
function κ ∈ C∞(Mˆ ). Furthermore, the condition η(ξˆ) = 0 ensures that LξˆΩ = 0 i.e. Ω ∈ C∞inv|6=0(Mˆ ). Acting
with (2.25) and Λ := Ω−1 leads to η Λ7→ −κ ψˆ so that the resulting wave is Walker.
The following proposition further relates Dodgson and Platonic waves:
Proposition 2.20. Let (Mˆ , ξˆ, gˆ) be a Platonic wave with scaling factor Ω.
1. The triplet (Mˆ , ξˆ, gˆ) is a Dodgson wave if and only if it is a Bargmann–Eisenhart wave.
2. The triplet (Mˆ , ξˆ′, gˆ) – with ξˆ′ = Ω−
1
2 ξˆ – is a Dodgson wave with Dodgson 1-form η = − 12 dˆ ln Ω.
Proof.
1. The defining properties of a Platonic wave impose η = −ω in (2.15) while the defining condition of a
Dodgson wave reads ω = 0, so that η = ω = 0 and the wave is Bargmann–Eisenhart.
2. The defining relations of a Platonic wave can be restated in terms of ψˆ = gˆ(ξˆ) as:
∇ˆ(µψˆν) = 0 , ∇ˆ[µψˆν] = ∂[µ ln Ω ψˆν] (2.26)
so that ∇ˆµψˆν = ∂[µ ln Ω ψˆν]. Introducing the vector field ξˆ′ = Ω−
1
2 ξˆ and the dual 1-form ψˆ′ = gˆ(ξˆ′),
the latter satisfies ∇ˆµψˆ′ν = − 12 ψˆ′µ ∂ν ln Ω and thus (Mˆ , ξˆ′, gˆ) is a Dodgson wave with Dodgson 1-form
η = − 12 dˆ ln Ω.
In other words, any Dodgson wave with exact Dodgson 1-form can be recast as a Platonic wave upon rescaling
of the ambient vector field.
41We are grateful to S. Hervik for a useful comment regarding this point.
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Remark 2.21.
• Using the Carroll parameterisation (2.13), a Kundt wave is a Dodgson wave if and only if the following
conditions hold:
LξΩ = 0 , LξAµ + ∂µ ln Ω− Ω−1ξρ ∂tγρµ = 0. (2.27)
• For further use, we display the Christoffel coefficients of a generic Dodgson wave – using the Carrollian
parameterisation (2.13) – obtained by combining (2.14) with (2.17) and (2.27):
Γˆttt =
1
2ΩLξλ+ ξρ∂tAρ + ∂t ln Ω
Γˆttν = ∂ν ln Ω
Γˆλtt = − 12 Ωξλ∂tλ+ Ωgλρ∂tAρ + 12Ω2gλρ∂ρλ+ gλρλΩ∂ρΩ
Γˆλtν = − 12Ωξλ∂νλ− 12λξλ∂νΩ + 12gλρ
(
∂tγρν + 2Ω∂[νAρ] − ∂ρΩAν
)
Γˆλµν = ξ
λ∂(µAν) +
1
2
A
hλρ
(
∂µγρν + ∂νγρµ − ∂ργµν
)− ξλA(µLξAν) + ξλAΣµν
where
A
hµν := gµν − λ ξµξν satisfies (1.19) and
A
Σµν := − 12Ω−1
(
∂tγµν − 2A(µ∂tγν)ρ ξρ
)
satisfies (1.20).
As suggested by the formal analogy between the coefficients Γˆλµν and the coefficients (1.17) of a generic Carrol-
lian connection, Dodgson waves play an important rôle in the context of the embedding of Carrollian manifolds
inside gravitational waves, as will be elaborated further on in Section 5.
We conclude this discussion on Dodgson waves by displaying three distinguished examples:
Example 2.22 (Dodgson waves). We introduce three Dodgson waves (Mˆ , ξˆ, gˆ) where:
• Mˆ is a d+ 2-dimensional spacetime coordinatised by (u, t, xi) where i ∈ {1, . . . , d}.
• ξˆ = ∂u is a lightlike vector field.
• The metric is defined by the following line elements:
– Minkowski wave: The metric is the Minkowski metric written in lightlike coordinates:
dsˆ2 = 2 dt du+ δijdx
idxj (2.28)
where δ is the d-dimensional Euclidean metric.
– Newton-Hooke wave: The metric is the Hpp-wave metric [49]:
dsˆ2 =
|x|2
R2
dt2 + 2 dt du+ δijdx
idxj (2.29)
where R stands for the Newton-Hooke radius.
– (Anti) de Sitter wave: The metric is the (Anti) de Sitter metric written in lightlike coordinates:
dsˆ2 = − u
2
R2
dt2 + 2 cosh
|x|
R
dt
(
du− u
R
xi
|x| tanh
|x|
R
dxi
)
+ γijdx
idxj (2.30)
where γ is the d-dimensional (hyperbolic) spherical metric whenever (R2 > 0) R2 < 0 defined in
(1.26).
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Remark 2.23.
• Both the Minkowski and Newton-Hooke waves are:
– Bargmann–Eisenhart waves.
– maximally symmetric as Bargmannian manifolds i.e. their isometry algebras
g :=
{
X ∈ Γ(TMˆ ) | LX ξˆ = 0 and LX gˆ = 0} (2.31)
are of maximal dimension (d+2)(d+1)2 + 1.
• Explicitly, the isometry algebra (2.31) of the Minkowski wave (resp. Newton-Hooke wave) is isomorphic
to the Bargmann algebra bar(d + 1, 1)
(
resp. Bargmann-Hooke algebra bar±(d + 1, 1)
)
i.e. the central
extension of the Galilei algebra gal(d, 1)
(
resp. Newton-Hooke algebra nh±(d, 1)
)
.
• The Minkowski and Newton-Hooke waves belong to the same orbit of Bargmann–Eisenhart waves via the
group action (2.19) with φˆ = |x|
2
R2 .
• Contrarily to the Minkowski and Newton-Hooke waves, the (Anti) de Sitter wave is a genuine Dodgson
wave42. Denoting Ω = cosh |x|R the scaling factor associated with the (Anti) de Sitter wave, the 1-form
ψˆ = Ω dt dual to ξˆ can be checked to satisfy relation (2.24) with Dodgson 1-form η = −dˆ ln Ω− uR2Ω2 ψˆ.
• The line element (2.30) can be put in the form (2.13) upon the identification:
λ =
u2
R2
cosh−2
|x|
R
, A = du− u
R
xi
|x| tanh
|x|
R
dxi , γ = γij dx
i ∨ dxj (2.32)
ξ = ∂u , g
−1 =
u2
R2
∂u ∨ ∂u + 2 u
R
xi
|x| tanh
|x|
R
∂u ∨ ∂i + γij ∂i ∨ ∂j (2.33)
which can be checked to satisfy (2.12), (2.17) and (2.27).
42i.e. it is neither Walker, Platonic nor Bargmann–Eisenhart. Note however that the Anti de Sitter spacetime (but not the de
Sitter spacetime) can define a Platonic wave [47]. Explicitly, using the Poincaré coordinates, the line element dˆs2 = 1
z2
(
2 du dt +
dz2 + δab dx
adxb
)
, with a, b ∈ {1, . . . , d− 1}, admits the Killing hypersurface-orthogonal vector field ξˆ := ∂u.
25
Bargmannian structures Definition Frobenius corollary
Gravitational waves dˆψˆ ∧ ψˆ = 0 dˆψˆ = dˆ ln Ω ∧ ψˆ
Kundt waves ∇ˆψˆ = ψˆ ⊗ η + ω ⊗ ψˆ ω − η = dˆ ln Ω + κ ψˆ
Dodgson waves ω = 0 η = −dˆ ln Ω− κ ψˆ
Walker waves η = 0 ω = dˆ ln Ω + κ ψˆ
Platonic waves η = −ω η = −ω = − 12 dˆ ln Ω
Bargmann–Eisenhart waves η = ω = 0
Table 1: Defining properties of Bargmannian structures
2.8 Summary
The various above definitions are summed up in Table 1. The corresponding hierarchy of inclusions43 is sum-
marized in Figure 2, where the arrows refer to the group actions (2.20) and (2.25).
Figure 2: Hierarchy of gravitational waves
2.9 Brinkmann coordinates
We conclude this overview of gravitational waves by displaying local expressions using the so-called Brinkmann
coordinates [51], cf. also [52].
• Gravitational wave: The most general form of a (d+2)-dimensional gravitational wave (Mˆ , [ξˆ], gˆ) reads
locally:
– [ξˆ] = Ω(u, t, xi) ∂u (2.34)
– dˆs2 = Λ(t, xi)2
[
2 dt
(
du+ 12 φ(u, t, x
i) dt+Ai(u, t, x
i) dxi
)
+ γij(u, t, x
i) dxi dxj
]
(2.35)
where i ∈ {1, . . . , d} and γ is a d-dimensional Riemannian metric.
Different representatives in [ξˆ] differ by the choice of the nowhere vanishing function Ω ∈ C∞6=0
(
Mˆ
)
.
43Note that a non-trivial inclusion of Platonic waves within the class of Dodgson waves exists, modulo a rescaling of the vector
field ξˆ, cf. Proposition 2.20.
26
The associated equivalence class of dual 1-forms reads [ψˆ] = Λ(t, xi)2 Ω(u, t, xi)dt.
Note that introducing Brinkmann coordinates singles out two distinguished representatives:
– ξˆ := ∂u whose associated dual 1-form ψˆ := gˆ(ξˆ) satisfies dˆψˆ = dˆ ln Λ2 ∧ ψˆ.
– ˆ¯ξ := Λ−2∂u whose associated dual 1-form ˆ¯ψ := gˆ( ˆ¯ξ) is closed.
The vector field ˆ¯ξ is thus the special vector field in [ξˆ].
• Kundt wave: The Kundt condition imposes ∂uγij = 0 in (2.35) so that γij(u, t, xi) = γ¯ij(t, xi).
– [ξˆ] = Ω(u, t, xi) ∂u (2.36)
– dˆs2 = Λ(t, xi)2
[
2 dt
(
du+ 12 φ(u, t, x
i) dt+Ai(u, t, x
i) dxi
)
+ γ¯ij(t, x
i) dxi dxj
]
. (2.37)
Relation (2.15) can be checked to be satisfied for:
– η = Λ−2Ω−1κ ψˆ + ∂uα− dˆ ln Λ
– ω = −Λ−2Ω−1κ ψˆ + ∂uα+ dˆ ln Λ + dˆ ln Ω
with α := 14φdt+
1
2Aidx
i and κ(u, t, xi) an arbitrary function.
The 1-forms η and ω can be checked to scale according to (2.18).
Rescaling u 7→ u˜ = Λ2u allows to put the line element (2.37) in the usual Kundt form [63]:
dˆs2 = 2 dt
(
du˜+ 12 φ˜(u˜, t, x
i) dt+ A˜i(u˜, t, x
i) dxi
)
+ γ¯ij(t, x
i) dxi dxj . (2.38)
• Bargmann–Eisenhart wave: Bargmann–Eisenhart waves can be locally defined as [51, 32, 33, 52]:
– ξˆ = ∂u (2.39)
– dˆs2 = 2 dt
(
du+ 12 φ¯(t, x
i) dt+ A¯i(t, x
i) dxi
)
+ γ¯ij(t, x
i) dxi dxj . (2.40)
The ambient vector field ξˆ is readily seen to be Killing and the associated dual 1-form ψˆ = dt to be closed.
Acting with the group action (2.19) amounts to a shift of the potential φ¯.
• Platonic wave: The most general form of a Platonic wave is given by [53, 47]:
– ξˆ = ∂u (2.41)
– dˆs2 = Λ(t, xi)2
[
2 dt
(
du+ 12 φ¯(t, x
i) dt+ A¯i(t, x
i) dxi
)
+ γ¯ij(t, x
i) dxi dxj
]
. (2.42)
The ambient vector field ξˆ is readily seen to be Killing and the associated dual 1-form ψˆ = Λ2dt to be
Frobenius. Acting with the group action (2.20) is equivalent to a conformal rescaling of the invariant
function Λ. Rescaling Λ to 1 amounts to move along the Platonic orbit up to the Bargmann–Eisenhart
metric (2.40), cf. Proposition 2.14.
Note that upon rescaling the ambient vector field as ξˆ = Λ−1∂u, the Platonic wave (2.41)-(2.42) defines a
Dodgson wave with Dodgson 1-form η = −dˆ ln Λ, cf. Proposition 2.20 and (2.45)-(2.46) below.
• Walker wave: The Walker wave metric takes the form [61]:
– [ξˆ] = Ω(u, t, xi) ∂u (2.43)
– dˆs2 = 2 dt
(
du+ 12 φ(u, t, x
i) dt+ A¯i(t, x
i) dxi
)
+ γ¯ij(t, x
i) dxi dxj . (2.44)
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The defining relation of a Walker wave (2.21) can be checked to hold with recurrent 1-form ω = dˆ ln Ω +
κψˆ where κ = 12 Ω
−1∂uφ. The recurrent 1-form can be checked to scale as (2.22) under a change of
representative ξˆ.
• Dodgson wave: We conclude by displaying the most general local form of a Dodgson wave:
– ξˆ = Λ(t, xi)−1 ∂u (2.45)
– dˆs2 = Λ(t, xi)2
[
2 dt
(
du+ 12 φ(u, t, x
i) dt+ A¯i(t, x
i) dxi
)
+ γ¯ij(t, x
i) dxi dxj
]
. (2.46)
Acting with the group action (2.25) is equivalent to a rescaling of the invariant function Λ. Rescaling Λ
to 1 amounts to move along the Dodgson orbit up to the Walker metric (2.44), cf. Proposition 2.19. The
defining relation of a Dodgson wave (2.24) can be checked to hold with Dodgson 1-form η = −dˆ ln Λ + κψˆ
where κ = 12 Λ
−1∂uφ. The Dodgson 1-form η scales according to (2.25).
28
3 Embedding intrinsic geometries à la Duval et al.
In this section, we review the pioneering works of Duval and collaborators regarding the embedding of intrinsic
non-Riemannian geometries inside Bargmann–Eisenhart waves44, cf. Definition 2.10. Explicitly, it has been
shown in [32, 33] that the quotient manifold (or space of rays) of any Bargmann–Eisenhart wave was naturally
a Newtonian manifold (cf. Definition 1.7) and furthermore that any Newtonian manifold could be obtained as
a projection of a Bargmann–Eisenhart wave (i.e. the “projection map” is surjective). This embedding approach
can be understood as a geometric counterpart of the Eisenhart lift [30], which relates nonrelativistic dynamical
trajectories and relativistic geodesics. We first review how the metric structure of a Bargmann–Eisenhart wave
induces a Galilean structure (cf. Definition 1.1) with closed clock ψ on the quotient manifold and generalise this
result to the larger class of Kundt waves, cf. Definition 2.7. Then we review the projection mechanism of the
associated Levi–Civita connection onto a Newtonian connection compatible with the above Galilean structure.
This projection of connection will be shown to generalise from Bargmann–Eisenhart to Platonic waves – cf.
Definition 2.12 – in Section 4.
More recently, the work [11] showed that the lightlike hyperplanes (or wavefront worldvolumes) of any Bargmann–
Eisenhart wave were naturally endowed with a structure of torsionfree Carrollian manifold, so that any Bargmann–
Eisenhart wave admits a natural lightlike foliation by Carrollian manifolds. As a preliminary step, we review
how the metric structure of a Bargmann–Eisenhart wave induces an invariant Carrollian structure on any wave-
front worldvolumes and then generalise this result to Kundt waves. We then build on the result of [11] and
identify the necessary and sufficient condition a Carroll manifold must satisfy to be embedded using this scheme.
In other words, we single out the relevant subset of torsionfree Carrollian manifolds – called invariant45 – for
which exists an injective “embedding map” into Bargmann–Eisenhart waves. Such an embedding scheme will be
generalised from Bargmann–Eisenhart to the larger class of Dodgson waves – cf. Definition 2.17 – in Section 5.
3.1 Newtonian manifold as quotient
3.1.1 Metric structure
This section addresses the procedure of embedding nonrelativistic structures inside (suitable classes of) gravi-
tational waves, such that the former are obtained as projection or quotient46. The minimal structure needed
to discuss projectability is called an unparameterised ambient structure and is defined as a pair
(
Mˆ , [ξˆ]
)
where:
• Mˆ is a manifold of dimension d+ 2.
• [ξˆ] is a C∞6=0
(
Mˆ
)
-orbit of nowhere vanishing vector fields ξˆ ∈ Γ(TMˆ ) under the action (2.1):
ξˆ
Ω7→ Ω ξˆ , Ω ∈ C∞6=0
(
Mˆ
)
. (3.1)
Picking a representative ξˆ ∈ [ξˆ], the pair (Mˆ , ξˆ) will be called an ambient structure [50].
Given an unparameterised ambient structure
(
Mˆ , [ξˆ]
)
, we will denote M := Mˆ /R the d+1-dimensional quo-
tient manifold of the ambient manifold Mˆ by the R-action47 induced by the flow of any representative ξˆ ∈ [ξˆ].
44Or torsionfree Bargmannian manifolds, cf. Remarks 2.3 and 2.11.
45Cf. Definition 1.17.
46Or equivalently as (lightlike) Kaluza–Klein dimensional reduction.
47Since any representative ξˆ is assumed to be nowhere vanishing, the induced flow action is free. We also assume that the latter
is proper so that the quotient manifold theorem applies (cf. e.g. Theorem 21.10 in [73]) and M is hence a manifold.
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Equivalently, M can be seen as the space of integral curves of any representative ξˆ ∈ [ξˆ].
Remark 3.1.
• The construction is canonical i.e. the quotient manifoldM is independent of the choice of representative.
• The quotient manifold M is the base space of the following principal R-bundle:
R _

Mˆ
pi

M
(3.2)
A Bargmannian structure on Mˆ will be said projectable if it induces a well-defined Galilean structure on the
quotient manifold M .48 The following lemma was shown in [50]:
Lemma 3.2 (Projection of Bargmannian structures). A Bargmannian structure
(
Mˆ , ξˆ, gˆ
)
is projectable if and
only if the two following conditions are met:
ξˆ ∈ Rad Lξˆ gˆ , (Lξˆ gˆ)|Ker ψˆ = 0. (3.3)
Remark 3.3.
• An obvious corollary is that the Killing condition Lξˆ gˆ = 0 is a sufficient (but not necessary) condition for
a Bargmannian structure to be projectable.
• If one chooses to restrict to gravitational waves, the second condition of (3.3) singles out the subclass of
Kundt waves (cf. the second item of Lemma 2.8), as made precise by the following Proposition.
Proposition 3.4. Let
(
Mˆ , [ξˆ], gˆ
)
be a Kundt wave with associated special vector field ˆ¯ξ ∈ [ξˆ].
The quotient manifold of the Bargmannian structure
(
Mˆ , ˆ¯ξ, gˆ
)
is endowed with a Galilean structure
(
M , ψ, γ
)
such that the 1-form ψ is closed.
Remark 3.5.
• Recall from Proposition 2.5 that the special vector field of a gravitational wave is characterised by the
condition dˆ ˆ¯ψ = 0 which ensures L ˆ¯ξ ˆ¯ψ = 0, hence the first condition of (3.3) is satisfied.
• Using the Galilean parameterisation (2.4), Proposition 3.4 follows readily from (2.8) and (2.16).
Since Bargmann–Eisenhart waves are Kundt, the following fact – originally proved in [32] – stems straightfor-
wardly from Proposition 3.4 (cf. also Remark 2.11):
Corollary 3.6. The quotient manifold of a Bargmann–Eisenhart wave
(
Mˆ , ξˆ, gˆ
)
is endowed with a Galilean
structure
(
M , ψ, γ
)
with closed clock ψ.
The condition dψ = 0 satisfied by the induced Galilean structure is not incidental but is in fact necessary in
order to ensure the existence of compatible torsionfree connections (cf. Definition 1.3). In the next section, we
review how the Levi–Civita connection of a Bargmann–Eisenhart wave projects on the quotient manifold as a
Newtonian connection compatible with the induced Galilean structure.
48Explicitly, given a projectable Bargmannian structure
(
Mˆ , ξˆ, gˆ
)
, the 1-form ψˆ := gˆ(ξˆ) dual to ξˆ projects as an absolute clock
ψ on M whereas the contravariant metric gˆ−1 projects as a contravariant Galilean metric h (or absolute rulers) compatible with ψ
on M (equivalently, the Leibnizian metric γˆ induced by gˆ on Ker ψˆ – cf. Remark 2.3 – projects as the covariant Galilean metric
γ on M acting on Ker ψ), cf. [50] for details.
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3.1.2 Connection
Before describing the procedure of projection of connections on the quotient manifold of an unparameterised
ambient structure, we recall the notion of lift of a vector field (cf. e.g. [50]):
Definition 3.7 (Lift of a vector field). Let
(
Mˆ , [ξˆ]
)
be an unparameterised ambient structure and X ∈ Γ (TM )
a vector field on the associated quotient manifold M .
The vector field Xˆ ∈ Γ(TMˆ ) on Mˆ will be called a lift of X if:
1. Xˆ is projectable i.e. LξˆXˆ ∼ ξˆ.
2. Xˆ projects on X i.e. pi∗Xˆ = X.
where ξˆ ∈ [ξˆ] is any representative and pi∗ : Γ
(
TMˆ
)→ Γ(TM ) is the pushforward of the projection map (3.2).
Remark 3.8.
• Note that the first condition is indeed independent of the choice of representative.
• If (Mˆ , ξˆ) is an ambient structure, one can define the notion of invariant lift by trading the first condition
with the stronger one LξˆX = 0.
• In the absence of further structure, the notion of lift of a vector field is not canonical. Rather, the space
of lifts of a given vector field X possesses the structure of an affine space modelled on the vector space
Span ξˆ.
• A map assigning to each vector field onM a canonical lift on Mˆ is known as an Ehresmann connection
and can be represented as a 1-form Aˆ ∈ Ω(Mˆ ) satisfying Aˆ(ξˆ) 6= 0, for all ξˆ ∈ [ξˆ]. The canonical lift
associated with X by Aˆ is then the unique lift Xˆ satisfying Aˆ(Xˆ) = 0.
Definition 3.9 (Projection of connection). Letting
(
Mˆ , [ξˆ]
)
be an unparameterised ambient structure and ∇ˆ
be a Koszul connection on Mˆ , a projected Koszul connection ∇ can be canonically defined on the quotient
manifold M := Mˆ /R by making the following diagram commute:
(
Xˆ, Yˆ
)
pi∗

∇ˆ // ∇ˆXˆ Yˆ
pi∗

(X,Y )
∇ // ∇XY
(3.4)
where:
1. (X,Y ) is a pair of vector fields on M .
2. (Xˆ, Yˆ
)
is a pair of lifts on Mˆ of X and Y , respectively.
provided the following conditions are satisfied:
a) The ambient vector field ∇ˆXˆ Yˆ ∈ Γ
(
TMˆ
)
is projectable.
b) The vector field ∇XY := pi∗
(
∇ˆXˆ Yˆ
)
is independent of the choice of lifts Xˆ and Yˆ .
c) The derivative operator ∇ satisfies the axioms of a Koszul connection49.
49Cf. e.g. footnote 7 of [57].
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Remark 3.10.
• A Koszul connection ∇ˆ on Mˆ such that conditions a)-c) are satisfied is referred to as projectable.
• The projection scheme (3.4) is geometric and canonical i.e. it does not rely on any coordinate system nor
choice of section σ :M → Mˆ of the principal bundle (3.2).
In [50], we defined the class of invariant Koszul connections on ambient structures as follows:
Definition 3.11 (Invariant connection). Let us consider the following structures:
• (Mˆ , ξˆ) is an ambient structure.
• ∇ˆ is a Koszul connection on Mˆ .
• Tˆ ∈ Γ(∧2T ∗Mˆ ⊗ TMˆ ) is the associated torsion tensor.
The connection ∇ˆ will be said invariant if the following conditions are satisfied:
1. ∇ˆξˆ = 0
2. Tˆ
(
ξˆ, ·) = 0
3. Lξˆ∇ˆ = 0.
Remark 3.12.
• The notion of invariant connection only stands for ambient structures (i.e. with a fixed vector field ξˆ),
since Conditions 1. and 3. are not invariant under the group action (3.1).
Conditions 1.-3. were shown in [50] to provide a set of sufficient conditions ensuring projectability:
Proposition 3.13. Any invariant Koszul connection is projectable.
Now, let us particularise the discussion to the case at hand, namely the projection of the Levi–Civita connection
∇ˆ associated with a Bargmann–Eisenhart wave (Mˆ , ξˆ, gˆ).
Lemma 3.14. The Levi–Civita connection associated with a Bargmann–Eisenhart wave is invariant.
Remark 3.15.
• The proof is straightforward from Definition 2.10 and the fact that a Killing vector field for a Lorentzian
metric is necessarily affine Killing for the associated Levi–Civita connection.
By Proposition 3.13, this result ensures that the Levi–Civita connection of a Bargmann–Eisenhart wave induces
a well defined connection ∇ on the quotient manifold M .
Furthermore, the following Lemma can be shown:
Lemma 3.16. Let
(
Mˆ , ξˆ, gˆ
)
be Bargmann–Eisenhart wave.
The connection ∇ induced on the quotient manifold M satisfies the following properties:
1. ∇ is torsionfree.
2. ∇ is compatible with the Galilean structure (M , ψ, γ) induced by (Mˆ , ξˆ, gˆ) (cf. Proposition 3.6).
3. ∇ satisfies the Duval–Künzle condition (1.6).
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A detailed geometric proof50 of Lemma 3.16 can be found in [54]. The above statements can be summarised in
the following Theorem:
Theorem 3.17 (Duval et al. [32]). The quotient manifold of a Bargmann–Eisenhart wave is a Newtonian
manifold.
A quick proof can be articulated using the Galilean parameterisation (2.4) for which a Bargmann–Eisenhart
wave is characterised by the conditions:
∂uψµ = 0 , ∂ugµν = 0 , dψ = 0 (3.5)
so that the associated Christoffel coefficients read:
Γˆuµν = − 12LZgµν + ∂(µφψν) (3.6)
Γˆλµν = Z
λ∂(µψν) +
1
2h
λρ
(
∂µgρν + ∂νgρµ − ∂ρgµν
)
. (3.7)
Remark 3.18.
• The Christoffel coefficients (3.6)-(3.7) are independent of the coordinate u and the components Γλuu, Γλµu
and Γλuµ vanish, thus ensuring that the conditions a)-b) of Proposition 3.9 are satisfied51.
• The projected connection∇ admits (3.7) as Christoffel-like coefficients. These coincide with the coefficients
(1.8) of the most general Newtonian connection compatible with the Galilean structure
(
M , ψ, γ
)
, as
written in the variables (1.9). Substituting
Zµ = Nµ − hµνAν , φ = 2AµNµ − hµνAµAν , gµν = γµν + ψµAν +Aµψν (3.8)
one recovers the familiar expression (1.2) with
N
Fµν = 2 ∂[µAν].
• Projecting the group action (2.19) on the set of Bargmann–Eisenhart waves to the quotient manifold
amounts to perform a shift (1.12)-(1.13) of the Newtonian potential parameterised by φ¯ ∈ C∞ (M ), defined
as pi∗φ¯ = φˆ. In particular, this projection of group action allows to relate the Minkowski and Newton-
Hooke waves of Example 2.22 to the maximally symmetric flat Galilei and Newton-Hooke manifolds of
Example 1.9 as:
Minkowski wave
(Bargmann–Eisenhart)
piTheorem 3.17

φˆ
(2.19)
// Newton-Hooke wave
(Bargmann–Eisenhart)
pi Theorem 3.17

Flat Galilei
(Newtonian)
φ¯
(1.13)
// Newton-Hooke
(Newtonian)
(3.9)
where φˆ = |x|
2
R2 and φ¯ = pi
∗φˆ = |x|
2
R2 .
• The projection result of Theorem 3.17 will be generalised to the larger class of Platonic waves in Theorem
4.11.
50Heuristically, the first two properties follow from the torsionfreeness of the ambient Levi–Civita connection together with its
compatibility with both the ambient metric and vector field. The Duval–Künzle condition in turn follows from the symmetry of
the associated Riemann tensor under exchange of the first and last pair of indices.
51We should emphasise that relaxing the closedness condition dψ = 0 does not lead to a projectable connection as the components
Γλµu do not vanish, hence Condition b) of Proposition 3.9 would not be satisfied in this case.
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The important Theorem 3.17 of Duval et al. provides the natural framework necessary to a geometric under-
standing of the Eisenhart lift [30]. The latter relates the relativistic geodesics of a Bargmann–Eisenhart wave
of dimension d+ 2 to nonrelativistic dynamical trajectories in d+ 1 spacetime dimension. A modern statement
of the Eisenhart Theorem can be articulated as follows:
Theorem 3.19 (Eisenhart lift [30, 32]). Let
(
Mˆ , ξˆ, gˆ
)
be a Bargmann–Eisenhart wave and denote ψˆ the closed
1-form ψˆ := gˆ(ξˆ). Let furthermore
(
M , ψ, γ,∇) be the induced Newtonian manifold on the quotient manifold.
Solutions to the parameterised geodesic equation associated with the Bargmann–Eisenhart metric gˆ are classified
according to the two constant of motions:
1. M2 := −gˆ(x˙, x˙)
2. m := ψˆ(x˙)
as follows:
• m = 0 : These are the trajectories constrained on one hypersurface of the foliation induced by ψˆ.
The former are classified as52:
– M2 = 0 : These are the integral curves of the lightlike vector field ξˆ i.e. x˙ ∼ ξˆ.
– M2 < 0 : The projection of such trajectories on the quotient manifold are spacelike trajectories
(i.e. confined on one d-dimensional spacelike hypersurface or absolute space) satisfying the param-
eterised geodesic equation associated with the d-dimensional Riemannian metric γ.
• m 6= 0 : The projection of such trajectories53 on the quotient manifold are nonrelativistic timelike trajec-
tories satisfying the parameterised geodesic equation associated with the Newtonian connection ∇.
Proof. DenotingF λˆ := x¨λˆ+Γˆλˆµˆνˆ x˙
µˆx˙νˆ the parameterised geodesic equation – with Γˆλˆµˆνˆ the Christoffel coefficients
of the Levi–Civita connection – associated with gˆ allows to compute the following quantities:
• gˆ(F , x˙) = − 12
(
dM2
dτ + ∇ˆλˆgˆµˆνˆ x˙λˆx˙µˆx˙νˆ
)
(3.10)
• ψˆ(F ) = dmdτ − ∇ˆ(µˆψˆνˆ) x˙µˆx˙νˆ . (3.11)
Therefore, the metric compatibility and Killing condition54 for ξˆ respectively ensure thatM2 andm are constants
of motion.
Let us analyse separately the following cases:
• m = 0, M2 = 0 : Assuming ψˆ(x˙) = 0 ensures that M2 = −γˆ(x˙, x˙) where γˆ is the Leibnizian metric
induced by gˆ on Ker ψˆ (cf. Remark 2.3) satisfying Rad γˆ = Span ξˆ, so that x˙ ∼ ξˆ.
• m 6= 0, M2 < 0 : Using the Galilean parameterisation (2.4), the parameterised geodesic equation reads:
1. Fu = u¨+ Γˆuµν x˙µx˙ν = 0
2. Fλ = x¨λ + Γˆλµν x˙µx˙ν = 0
52The condition m = 0 ensures that M2 = −γˆ(x˙, x˙) 6 0 with γˆ the Leibnizian metric induced by gˆ, cf. Remark 2.3.
53Irrespectively of the sign of M2 i.e. whether the relativistic trajectory is timelike, spacelike or lightlike.
54The fact that the proof requires the ambient vector field to be Killing allows to generalise the Eisenhart Theorem to Platonic
waves – cf. Theorem 4.12 – but prevents further extension to larger classes of gravitational waves.
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where the Christoffel coefficients are given by (3.6)-(3.7). The relativistic parameterised geodesic equation
thus projects downto the quotient manifold coordinatised by xµ as the parameterised geodesic equation
associated to the Newtonian connection ∇ with coefficients (1.8). The case m 6= 0 thus corresponds to
nonrelativistic timelike geodesics for the Newtonian connection ∇.
• m = 0, M2 < 0 : Restricting to spacelike trajectories (i.e. characterised by m = 0), the Newtonian
connection ∇ reduces to the Levi–Civita connection ∇γ associated to the Riemannian metric γ, that is
∇|Ker ψ = ∇γ , cf. Remark 1.5.
Remark 3.20.
• The (unprojected) trajectories characterised by m = 0 will be given the interpretation of geodesics for a
suitable Carrollian connection in Theorem 3.29.
• As an illustration of the Eisenhart Theorem, it can be checked that the projection of the parameterised
geodesic equation associated to the Newton-Hooke wave (2.29) of Example 2.22 gives the harmonic (ex-
panding) oscillator equation, i.e. the geodesic equation of the Newton-Hooke manifold of Example 1.9,
cf. Remark 1.10.
3.2 Carrollian manifold as lightlike hypersurface
This section can be considered as the dual counterpart of Section 3.1. We first review the result of [11]
showing that the wavefront worldlvolumes of a Bargmann–Eisenhart wave are naturally endowed with a structure
of torsionfree Carrollian manifolds. We then precise the above result by identifying the class of torsionfree
Carrollian manifolds that can be embedded using this scheme.
3.2.1 Metric structure
We let
(
Mˆ , [ξˆ], gˆ
)
be a gravitational wave and denote Ker ψˆ the associated involutive distribution. The associ-
ated integral submanifolds are referred to as wavefront worldvolumes and denotedMt, cf. Section 2.2. To each
wavefront worldvolume Mt one attaches an embedding map:
it :Mt ↪→ Mˆ . (3.12)
The latter enjoys the following isomorphisms:
• it∗(TMt) ∼= Ker ψˆ (3.13)
• Ker i∗t ∼= Span ψˆ. (3.14)
Proposition 3.21. Let
(
M , [ξˆ], gˆ
)
be a gravitational wave.
1. Each leafMt of the canonical foliation induced by Ker ψˆ is endowed with an equivalence class of Carrollian
structures (Mt, [ξ], γ).
2. The induced equivalence class (Mt, [ξ], γ) is invariant (i.e. Lξγ = 0 for all ξ ∈ [ξ]) if and only if
(
M , [ξˆ], gˆ
)
is a Kundt wave.
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Proof.
1. Since ξˆ ∈ [ξˆ] implies that ξˆ ∈ Γ(Ker ψˆ), the isomorphism (3.13) ensures that there is a unique (nowhere
vanishing) vector field ξ ∈ Γ (TMt) satisfying it∗ξ = ξˆ|it(Mt). Secondly, the Carrollian metric is obtained
as γ := i∗t gˆ. The expression γ(X,V ) = i∗t gˆ(X,V ) = gˆ(it∗X, it∗V ) ◦ it vanishes for all V ∈ Γ (TMt) if and
only if X ∼ ξ, so that the metric γ is of rank d and its radical is spanned by [ξ].
2. This point is readily seen from the second point of Lemma 2.8, or alternatively – using the Carroll
parameterisation (2.13) – from (2.17).
Remark 3.22.
• As recalled in Proposition 1.14, a Carrollian structure admits compatible torsionfree connections if and
only if it is invariant. It follows from the second item of Proposition 3.21 that being Kundt is a necessary
condition for a gravitational wave to induce a torsionfree Carrollian manifold on its leaves.
• The next section will show that being Kundt is also the necessary condition for a gravitational wave to
induce a well-defined torsionfree connection on its leaves.
The following result – originally proved in [11] – is immediate from Proposition 3.21:
Corollary 3.23. Any wavefront worldvolume of a Bargmann–Eisenhart wave is naturally endowed with a
canonical invariant Carrollian structure.
3.2.2 Connection
Having seen how the wavefront worldvolumes of (suitable classes of) gravitational waves are naturally endowed
with Carrollian metric structures, we now move to the next logical step and investigate under which conditions
the ambient Levi–Civita connection endows the leaves of the foliation with compatible Carrollian connections.
Proposition 3.24. Let Mˆ be a manifold and ∇ˆ be a Koszul connection on Mˆ . Let furthermore D ⊂ TMˆ be
an involutive distribution and denote Mt the associated integral submanifolds foliating Mˆ .
Denoting it :Mt ↪→ Mˆ the embedding map, the following isomorphism holds:
• it∗(TMt) ∼= D |it(Mt).
The connection ∇ˆ admits a well-defined projection ∇ on any leaf Mt if and only if the distribution D is
autoparallel with respect to ∇ˆ.
The projected connection ∇ is then defined by making the following diagram commute:
(X,Y ) 
 it∗ //
∇

(Xˆ, Yˆ )
∇ˆ

∇XY 
 it∗ // ∇ˆXˆ Yˆ
(3.15)
where:
• X,Y ∈ Γ (TMt) are two vector fields on the leaf Mt.
• Xˆ, Yˆ ∈ Γ (D) |it(Mt) are the two vector fields defined as Xˆ := it∗X and Yˆ := it∗Y , respectively.
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• ∇XY ∈ Γ (TM ) is the vector field defined as ∇XY := it−1∗ (∇ˆXˆ Yˆ ).
Note that the last step of the procedure supposes that ∇ˆXˆ Yˆ ∈ Γ (D) for all Xˆ, Yˆ ∈ Γ (D), i.e. that D is an
autoparallel distribution for ∇ˆ, cf. footnote 37. This entails the following Proposition:
Proposition 3.25.
1. The wavefront worldvolumes of a Kundt wave are endowed with:
(a) a set of invariant Carrollian structures (Mt, [ξ], γ).
(b) a canonical connection ∇ being
• torsionfree
• compatible with the Carrollian metric γ.
2. The wavefront worldvolumes of a Kundt wave are totally geodesic lightlike hypersurfaces55.
Proof.
1. (a) cf. Proposition 3.21.
(b) As noted in Remark 2.9, the Kundt condition is necessary and sufficient for the canonical distribution
Ker ψˆ of a gravitational wave to be autoparallel.
• The torsionfreeness of the induced connection follows directly from the one of the ambient Levi–
Civita connection ∇ˆ.
• The compatibility condition ∇γ = 0 is a consequence of the ambient metric compatibility con-
dition ∇ˆgˆ = 0.
2. The totally geodesic property for lightlike hypersurfaces is equivalent to the autoparallel condition, cf.
e.g. Theorem 2.2 in [74].
It follows from Proposition 3.25 that any wavefront worldvolume Mt of a Kundt wave
(
Mˆ , [ξˆ], gˆ
)
is naturally
endowed with a set of invariant Carrollian structures (Mt, [ξ], γ) as well as with a metric compatible torsionfree
connection ∇. However, let us emphasise that the connection ∇ does not generically preserve any representative
of the equivalence class [ξ] so that the wavefront worldvolumes of a Kundt wave are not torsionfree Carrollian
manifolds in general. However, restricting from Kundt to Bargmann–Eisenhart waves, the following result holds:
Theorem 3.26 (Duval et al. [11]). Any wavefront worldvolume of a Bargmann–Eisenhart wave is canonically
a torsionfree Carrollian manifold.
Proof. Denoting
(
Mt, ξ, γ
)
the induced invariant Carrollian structure (cf. Corollary 3.23) and ∇ the induced
torsionfree connection (cf. Proposition 3.24), the following compatibility relations hold:
1. ∇ξ = 0
2. ∇γ = 0
as a consequence of ∇ˆξˆ = 0 and ∇ˆgˆ = 0.
55A lightlike hypersurface i : Σ ↪→ Mˆ of a Lorentzian manifold (Mˆ , gˆ) is said to be totally geodesic if, for any geodesic x(τ) of
the induced connection ∇, the curve i ◦ x(τ) is a geodesic of the Levi–Civita connection ∇ˆ associated to gˆ, cf. e.g. [74].
37
Before concluding the present section, we aim at completing Theorem 3.26 by identifying the space of torsionfree
Carrollian manifolds that can be embedded inside a Bargmann–Eisenhart wave via the above procedure. In
other words, thinking of Theorem 3.26 as a Carrollian dual of Theorem 3.17, we wish to identify the Carrollian
avatar to the notion of Newtonian manifold. The following proposition singles out the category of invariant
Carrollian manifolds – cf. Definition 1.17 – as the natural counterpart of Newtonian manifolds within the
Carrollian world:
Proposition 3.27. The torsionfree Carrollian manifolds induced on the wavefront worldvolumes of a Bargmann–
Eisenhart wave are invariant. Conversely, any invariant torsionfree Carrollian manifold can be embedded inside
a Bargmann–Eisenhart wave.
Proof. Letting
(
Mˆ , ξˆ, gˆ
)
be a Bargmann–Eisenhart wave, we denote
(
Mt, ξ, γ
)
the torsionfree Carrollian man-
ifold induced on the wavefront worldvolume Mt. The first part of the proof is readily seen from the fact that
Lξˆ∇ˆ = 0 (as a consequence of the Killing condition Lξˆ gˆ = 0) which in turn ensures that Lξ∇ = 0 so that(
Mt, ξ, γ
)
is invariant (recall that the condition Lξγ = 0 follows from Lξg = 0). A proof of the converse
statement will be given as a corollary of the proof of Proposition 5.2, cf. Remark 5.4.
Combining Theorem 3.26 and Proposition 3.27 leads to the following result:
Theorem 3.28. Any Bargmann–Eisenhart wave admits a lightlike foliation by invariant torsionfree Carrollian
manifolds.
A particular example of Bargmann–Eisenhart wave is the Minkowski wave of Example 2.22. According to
Theorem 3.28, each leaf t = const is naturally endowed with a torsionfree Carrollian manifold. It can be
checked that the Carrollian manifold induced on any leaf of the foliation identifies with the flat Carroll manifold
of Example 1.19. The Minkowski wave thus provides a natural embedding for the flat Carroll manifold ( cf.
Remark 5.4 below for more details).
However, as noted earlier, the Carrollian connection associated with the (A)dS-Carroll manifold (cf. Example
1.19) is not invariant, and thus cannot be embedded inside a Bargmann–Eisenhart wave, as a consequence of
Proposition 3.27. In Section 5, we propose a generalisation of the ambient framework of Duval et al. from
Bargmann–Eisenhart to Dodgson waves allowing the embedding of a larger class of Carrollian manifolds (dubbed
pseudo-invariant) containing in particular the (A)dS-Carroll manifold.
We conclude the present section by displaying an ultrarelativistic avatar of the Eisenhart Theorem 3.19.
Theorem 3.29 (Carroll train). Let
(
Mˆ , ξˆ, gˆ
)
be a Bargmann–Eisenhart wave and denote ψˆ the Frobenius
1-form ψˆ := gˆ(ξˆ) and ∇ˆ the Levi–Civita connection associated with the Bargmann–Eisenhart metric gˆ.
Let furthermore it :Mt ↪→ Mˆ be a leaf of the foliation induced by Ker ψˆ (or wavefront worldvolume).
1. Let p ∈ it(Mt) and Vp ∈ Ker ψˆp be a tangent vector. Any geodesic x(τ) of ∇ˆ such that x˙(0) = Vp stays
on the wavefront worldvolume Mt.
2. The curve x(τ) is a geodesic for the Carrollian connection ∇ induced by ∇ˆ on Mt.
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Proof.
1. Recall from Theorem 3.19 that the quantitym = ψˆ(x˙) is a constant of motion for any geodesic x(τ) of ∇ˆ, as
ensured by the Killing property enjoyed by the ambient vector field ξˆ. This ensures that x˙(τ) ∈ Ker ψˆx(τ)
for any τ , so that x˙ is always tangent toMt. The ambient geodesic x(τ) is therefore constrained to stay56
on the submanifold Mt.
2. This proposition follows straightforwardly from Theorem 3.26 and Proposition 3.24.
Remark 3.30.
• Theorem 3.29 complements the Eisenhart Theorem 3.19 by providing a geometric interpretation for the
class of (unprojected) geodesics characterised by m = 0.
• A generalisation of the Carroll train Theorem 3.29 to the larger class of Dodgson waves will be provided
in Section 5.
56More precisely, x(τ) ∈ it(Mt) for all τ .
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4 Geometrising the Eisenhart–Lichnerowicz lift
As reviewed in Section 3, the ambient approach introduced by Duval et al. allows the embedding of Newtonian
manifolds (on the quotient space) and invariant Carrollian manifolds (on leaves of the foliation) inside a single
class of gravitational waves (Bargmann–Eisenhart waves). Building on these seminal results, our aim in the next
two sections will be to generalise the ambient approach of intrinsic geometries to larger classes of gravitational
waves. In the present section, we deal with the Galilean case and generalise the embedding of Newtonian
manifolds by enlarging the class of embedding waves from Bargmann–Eisenhart to Platonic waves57. This
generalisation will require to relax some of the assumptions of the projection scheme detailed58 in Section 3.1.2
– the latter being too restrictive to account for Platonic connections – thus requiring to introduce a more
general projection scheme. The latter will be shown to provide a geometric understanding of the generalisation
by Lichnerowicz [53] of the Eisenhart lift of dynamical trajectories to relativistic geodesics.
4.1 Metric structure
Using the general framework of projection of Bargmannian structures, as developed in Section 3.1.1, the following
proposition is immediate:
Proposition 4.1. The quotient manifold of a Platonic wave
(
Mˆ , ξˆ, gˆ
)
is endowed with a Galilean structure(
M , ψ, γ
)
such that the 1-form ψ is Frobenius.
Remark 4.2.
• Platonic waves are projectable, in the sense of Lemma 3.2, as ensured by the Killing condition Lξˆ gˆ = 0.
• Recall that the Frobenius condition takes the form dψ ∧ ψ = 0.
• Since the 1-form ψ is not closed in general, the Galilean structure (M , ψ, γ) does not generically admit
torsionfree compatible connections, cf. Definition 1.3.
• As ensured by Proposition 2.14, any orbit of Platonic waves under the group action (2.20) contains a
Bargmann–Eisenhart wave. Furthermore, any orbit of Galilean structures with Frobenius clock under
the group action (1.1) contains a Galilean structure with closed clock, cf. Remark 1.2. These two
statements can be related as follows: letting
(
Mˆ , ξˆ, gˆ
)
be a Platonic wave and denoting
(
Mˆ , ξˆ, ˆ¯g
)
the
associated Bargmann–Eisenhart wave related to
(
Mˆ , ξˆ, gˆ
)
via the nowhere vanishing invariant function
Λ ∈ C∞inv|6=0
(
Mˆ
)
– i.e. gˆ = Λ2 ˆ¯g – the following diagram commutes:
(
Mˆ , ξˆ, gˆ
)
(Platonic)
Λ−1
(2.20)
//
piProposition 4.1

(
Mˆ , ξˆ, ˆ¯g
)
(Bargmann–Eisenhart)
pi Corollary 3.6
(
M , ψ, γ
)
(Frobenius)
Λ¯−1
(1.1)
//
(
M , ψ¯, γ¯
)
(Closed)
(4.1)
where Λ¯ ∈ C∞ (M ) denotes the projection of the invariant function Λ ∈ C∞inv|6=0
(
Mˆ
)
on the quotient
manifold M
(
i.e. pi∗Λ¯ = Λ
)
and (ψ¯, γ¯) is the special Galilean structure – i.e. with closed absolute clock
– associated to (ψ, γ), cf. Remark 1.2.
57Cf. Definition 2.12.
58Cf. Definitions 3.9 and 3.11.
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4.2 Connection
In Section 3.1.2, we introduced a projection scheme (cf. Definition 3.9) that proved suitable for Bargmann–
Eisenhart waves (and more generally for Bargmannian manifolds, as will be detailed in [6]). The present section
is devoted to the generalisation of this projection scheme to larger classes of gravitational waves. In Section 4.2.1,
we show that the very same projection procedure can be applied to the larger class of Kundt waves, provided
one restricts to spacelike vector fields (i.e. the projected connection is only defined on absolute spaces). In
Section 4.2.2, we introduce a generalised scheme that will prove suitable to account for the Platonic case, thus
providing the geometric background underlying the Lichnerowicz lift.
4.2.1 Kundt connection on absolute spaces
Kundt waves have been introduced in Section 2.3 and shown to be projectable (at the level of metric structures)
in Section 3.1. We now complete these previous statements by displaying the suitable restriction under which
the Kundt connection admits a well-defined projection on the quotient manifold.
Proposition 4.3. Let (Mˆ , [ξˆ], gˆ) be a Kundt wave and denote
(
[ψ], γ
)
the class of Frobenius Galilean structures
induced on the quotient manifold M . The Levi–Civita connection ∇ˆ associated to gˆ admits a well-defined
projection on the absolute spaces foliating the quotient manifold M . Furthermore, the projected connection on
each absolute space identifies with the Levi–Civita connection ∇ associated to the Riemannian metric γ.
Proof. Let V,W ∈ Γ(Ker ψ) be a pair of spacelike59 vector fields onM and Vˆ , Wˆ ∈ Γ(Ker ψˆ) be a pair of lifts
of (V,W ) on Mˆ . The following facts follow60 straightforwardly from Lemma 2.8:
1. The vector field ∇ˆVˆ Wˆ is spacelike, i.e. ∇ˆVˆ Wˆ ∈ Γ
(
Ker ψˆ
)
, cf. the first point of Lemma 2.8.
2. The vector field ∇ˆVˆ Wˆ is projectable, as follows from the projectability of Vˆ , Wˆ and the second point of
Lemma 2.8.
3. The pushforward pi∗
(
∇ˆVˆ Wˆ
)
is a spacelike vector field independent of the choice of lifts Vˆ and Wˆ .
The three above statements ensure that the Kundt connection ∇ˆ induces a canonical projection ∇|Ker ψ on the
absolute spaces of M . The connection ∇|Ker ψ is torsionfree – as follows from the torsionfreeness of ∇ˆ – and
compatible with the Riemannian metric γ, as ensured61 by the compatibility between ∇ˆ and gˆ. Consequently,
the induced connection ∇|Ker ψ identifies with the Levi–Civita connection associated to γ.
4.2.2 Platonic connection
We now turn to the class of Platonic waves and discuss a projection scheme suitable for this particular class. In
the following of this section, we will let
(
Mˆ , ξˆ, gˆ
)
be a Platonic wave and denote ∇ˆ the associated Levi–Civita
connection. We start by noting that the naive application of the projection scheme described in Definition 3.9
to the Platonic case faces the two following obstructions:
a) The vector field ∇ˆXˆ Yˆ in Diagram 3.4 is not necessarily projectable whenever Xˆ and Yˆ are projectable.
59We will denote Ker ψˆ the canonical involutive distribution induced by (Mˆ , [ξˆ], gˆ) – cf. Remark 2.3 – and Ker ψ its projection
on M .
60Cf. [54] for details.
61Recall that the Riemannian metric γ is obtained as projection of the Leibnizian metric γˆ := g|Ker ψˆ , cf. footnote 48.
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b) The vector field ∇XY := pi∗
(
∇ˆXˆ Yˆ
)
depends on the choice of lifts Xˆ and Yˆ , thus preventing ∇ to be
canonically defined.
The first drawback can be circumvented by restricting to invariant62 lifts (then, the Killing condition ensures that
∇ˆXˆ Yˆ is invariant, hence projectable). This restriction is however not sufficient to evade the second obstruction,
which will require further restriction of the class of lifts. This is the leitmotiv of the alternative scheme we now
introduce.
Definition 4.4 (Weighted projection). Let
(
Mˆ , ξˆ, gˆ
)
be a projectable Bargmannian structure and denote
(M , ψ, γ) the induced Galilean structure on the quotient manifold M := Mˆ /R. Let ∇ˆ be a Koszul connection
on Mˆ . A projected Koszul connection
w
∇ of weight w can be defined by making the following diagram commute:
(
Xˆ, Yˆ
)
w
pi∗

∇ˆ // ∇ˆXˆ Yˆ
pi∗
(X,Y )
w
∇ //
w
∇XY
(4.2)
where
1. (X,Y ) is a pair of vector fields on M such that X and Y are not both spacelike63.
2. (Xˆ, Yˆ
)
w
is a pair of invariant lifts on Mˆ of X and Y , respectively, satisfying the additional constraint:
gˆ(Xˆ, Yˆ ) = w ψˆ(Xˆ) ψˆ(Yˆ ) where ψˆ := gˆ(ξˆ) (4.3)
and referred to as a pair of weighted lifts of weight w, with w a constant.
provided the following conditions are satisfied:
a) The ambient vector field ∇ˆXˆ Yˆ ∈ Γ
(
TMˆ
)
is projectable.
b) The vector field
w
∇XY := pi∗
(
∇ˆXˆ Yˆ
)
is independent of the choice of pair of weighted lifts
(
Xˆ, Yˆ
)
w
.
c) The derivative operator
w
∇ satisfies the axioms of a Koszul connection.
Remark 4.5.
• The conditions for a Bargmannian structure to be projectable are given in Lemma 3.2.
• Note that the above projection scheme is not canonical but depends on the choice of a constant w called
the weight.
• It can be checked that the previous prescription completely determines the induced connection
w
∇.
• When acting on two spacelike vector fields V,W ∈ Γ(Ker ψ), one can define the resulting action of
w
∇ as
w
∇VW =
w
∇VX +
w
∇V Y where X := 12 (W + N) and Y := 12 (W − N) with N ∈ FO (M , ψ) an arbitrary
field of observers.
The following lemma ensures that this alternative scheme is suitable for Platonic connections:
62The notion of invariant lifts (cf. Remark 3.8) is well-defined here since the definition of a Platonic wave involves a distinguished
vector field ξˆ, so that (Mˆ , ξˆ) is a (parameterised) ambient structure.
63i.e. ψ(X) 6= 0 or ψ(Y ) 6= 0.
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Lemma 4.6. Let
(
Mˆ , ξˆ, gˆ
)
be a Platonic wave. The Levi–Civita connection ∇ˆ associated with gˆ admits a
well-defined weighted projection on the quotient manifold M := Mˆ /R.
Proof. Let Λ ∈ C∞inv|6=0
(
Mˆ
)
be an invariant nowhere vanishing function such that Λ2 is the scaling factor
of the Platonic wave
(
Mˆ , ξˆ, gˆ
)
, i.e. dˆψˆ = 2 dˆ ln Λ ∧ ψˆ. The present proof will make use of the Galilean
parameterisation64 (2.4) in which a Platonic wave is characterised by the conditions:
∂uψµ = 0 , ∂ugµν = 0 (4.4)
which in turn ensure that ∂uhµν = 0 and ∂uφ = 0. All the Galilean objects parameterising the Platonic wave
thus admit a well-defined projection on the quotient manifold M , as a consequence of the Killing condition.
The previous relations allow to write the Christoffel coefficients associated to ∇ˆ as:
Γˆuuν = − 12LZψν
Γˆuµν = − 12LZgµν + ∂(µφψν)
Γˆλuν = h
λρ∂[νψρ]
Γˆλµν = Z
λ∂(µψν) +
1
2h
λρ
(
∂µgρν + ∂νgρµ − ∂ρgµν
)
. (4.5)
Now, let (X,Y ) be a pair of vector fields onM (such that X and Y are not both spacelike) and (Xˆ, Yˆ
)
w
be an
associated pair of weighted lifts of weight w. Condition (4.3) translates as the following constraint:
ψ(X)Y u + ψ(Y )Xu + g(X,Y ) = wψ(X)ψ(Y ) (4.6)
where Xu, Y u denote respectively the components of Xˆ, Yˆ along ∂u.
Computing the projectable components of ∇ˆXˆ Yˆ leads to
(∇ˆXˆ Yˆ )λ = Xµ(∂µY λ + ΓˆλµνY ν)− hλρ∂ρ ln Λ¯
(
ψ(X)Y u + ψ(Y )Xu
)
(4.7)
where we used dψ = 2 d ln Λ¯ ∧ ψ, where Λ¯ ∈ C∞ (M ) denotes the projection of the invariant scaling factor
Λ ∈ C∞inv|6=0
(
Mˆ
)
on M
(
i.e. pi∗Λ¯ = Λ
)
. Substituting (4.6) leads to pi∗(∇ˆXˆ Yˆ ) =
w
∇XY where the components
of the induced connection
w
∇ read:
w
Γλµν := Z
λ∂(µψν) +
1
2h
λρ
(
∂µgρν + ∂νgρµ − ∂ρgµν
)
+ hλρ∂ρ ln Λ¯
(
gµν − wψµψν
)
. (4.8)
We conclude that the weighted projection procedure is well-defined for Platonic waves and the induced torsion-
free connection
w
∇ is given by explicit formulas, cf. (4.8).
Combining Proposition 4.1 and Lemma 4.6, we conclude that the quotient manifold of a Platonic wave
(
Mˆ , ξˆ, gˆ
)
is endowed with a Galilean structure (M , ψ, γ) together with a torsionfree connection
w
∇, with w an arbitrary
constant. It should be emphasised however that the quadruplet (M , ψ, γ,
w
∇) is not a torsionfree Galilean
manifold in general, since the absolute clock ψ – being Frobenius but not necessarily closed – does not generically
admit torsionfree compatible connections. Therefore, in contradistinction with the Bargmann–Eisenhart case
– for which the projected connection was naturally compatible with the induced Galilean metric structure
(cf. Lemma 3.16) – additional work will be necessary in order to interpret the projected connection
w
∇ (cf.
coefficients (4.8)
)
as a Galilean connection. To provide such an interpretation, we will rely on the notion of
projective equivalence, understood in the sense of the following classic theorem:
64Cf. [54] for a more detailed geometric proof.
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Theorem 4.7 (cf. e.g. [75, 76]). Two torsionfree Koszul connections ∇′ and ∇ on a manifold M share
the same geodesics as unparameterised curves if and only if there exists a 1-form Υ ∈ Ω1 (M ) such that the
following relation holds:
∇′XY = ∇XY + Υ (X)Y + Υ (Y )X for all X,Y ∈ Γ (TM ) . (4.9)
Two Koszul connections ∇′ and ∇ satisfying eq.(4.9) for some (exact) 1-form Υ are said to be (strongly)
projectively equivalent.
Remark 4.8.
• In components, relation (4.9) can be expressed as
Γ′λµν = Γ
λ
µν + 2 δ
λ
(µΥν) (4.10)
such that ∇′x˙x˙ ∼ x˙⇔ ∇x˙x˙ ∼ x˙.
The notion of projective equivalence allows us to articulate the following proposition:
Proposition 4.9. Let
(
Mˆ , ξˆ, gˆ
)
be a Platonic wave inducing the Frobenius Galilean structure (M , ψ, γ) onM .
Let us furthermore denote
w
∇ the weighted projection of the Levi–Civita connection ∇ˆ associated with gˆ, with
weight w. The connection
w
∇ is strongly projectively equivalent to a Newtonian connection
w
∇¯ on M compatible
with the special Galilean structure (M , ψ¯, γ¯) associated to (M , ψ, γ).
Proof. Recalling from the proof of Lemma 4.6 the expression (4.8) for the components of the connection
w
∇
obtained by weighted projection of weight w of the Platonic connection ∇ˆ:
w
Γλµν := Z
λ∂(µψν) +
1
2h
λρ
(
∂µgρν + ∂νgρµ − ∂ρgµν
)
+ hλρ∂ρ ln Λ¯
(
gµν − wψµψν
)
(4.11)
and performing the reparameterisation:
ψ = Λ¯2 ψ¯ , h = Λ¯−2 h¯ , g = Λ¯2 g¯ , Z = Λ¯−2Z¯ , φ = Λ¯−2 φ¯ (4.12)
leads to
w
Γλµν = Z¯
λ∂(µψ¯ν) +
1
2 h¯
λρ
(
∂µg¯ρν + ∂ν g¯ρµ − ∂ρg¯µν
)
+ 2 δλ(µ∂ν) ln Λ¯− w Λ¯2h¯λρ∂ρ ln Λ¯ ψ¯µψ¯ν . (4.13)
Introducing the shifted Lagrangian metric
w
g¯µν = g¯µν +w Λ¯
2 ψ¯µψ¯ν and using65 dψ¯ = 0, expression (4.13) can be
reformulated as:
w
Γλµν = Z¯
λ∂(µψ¯ν) +
1
2 h¯
λρ
(
∂µ
w
g¯ρν + ∂ν
w
g¯ρµ − ∂ρ
w
g¯µν
)
+ 2 δλ(µ∂ν) ln Λ¯. (4.14)
Comparing (4.14) and (4.10) shows that
w
∇ is strongly projectively equivalent (in the sense of Theorem (4.7))
to the Newtonian connection
w
∇¯ defined by the coefficients:
w
Γ¯λµν = Z¯
λ∂(µψ¯ν) +
1
2 h¯
λρ
(
∂µ
w
g¯ρν + ∂ν
w
g¯ρµ − ∂ρ
w
g¯µν
)
(4.15)
with projective 1-form Υ = d ln Λ¯.
65Recall that dψ = 2 d ln Λ¯ ∧ ψ, so that dψ¯ = 0, i.e. (ψ¯, γ¯) is the special Galilean structure associated to (ψ, γ), cf. Remark 1.2.
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Remark 4.10.
• Note that the Newtonian manifold (M , ψ¯, γ¯, w∇¯) – whose Newtonian connection w∇¯ is defined by the coeffi-
cients (4.15) – can be directly obtained from the projection (cf. Theorem 3.17) of a Bargmann–Eisenhart
wave, denoted
(
Mˆ , ξˆ,
w
ˆ¯g
)
. The latter is related to the Bargmann–Eisenhart wave
(
Mˆ , ξˆ, ˆ¯g
)
conformally
equivalent to the Platonic wave
(
Mˆ , ξˆ, gˆ
)
(cf. Proposition 2.14) via a shift (2.19) parameterised by
φˆ = wΛ2.
We sum up the previous discussion by the following theorem:
Theorem 4.11. Let
(
Mˆ , ξˆ, gˆ
)
be a Platonic wave. The following diagram commutes:
(
Mˆ , ξˆ,
w
ˆ¯g
)
(Bargmann–Eisenhart)

(
Mˆ , ξˆ, gˆ
)
(Platonic)
Λ−1
(2.20)
//
piw-projection (Lemma 4.6)

(
Mˆ , ξˆ, ˆ¯g
)
(Bargmann–Eisenhart)
pi Theorem 3.17

wΛ2
(2.19)
gg
(
M , ψ¯, γ¯,
w
∇¯)
(Newtonian)
(
M , ψ, γ,
w
∇)
(Not Galilean)
xx
(4.10)
Proj. equiv.
88
(
M , ψ¯, γ¯, ∇¯)
(Newtonian)
w Λ¯2
(1.12)
gg
(4.16)
The most salient feature of the previous construction is that a conformal transformation at the (relativistic)
ambient spacetime level translates into a shift of the (nonrelativistic) Newtonian potential on the quotient
manifold. Such a property was first observed by Lichnerowicz [53] – at the level of unparameterised geodesics
– in his generalisation of the Eisenhart lift to Platonic waves. In Section 3.1.2, Theorem 3.17 was argued to
provide the geometric rationale behind the Eisenhart lift (cf. Theorem 3.19). In the same fashion, we argue
that Theorem 4.11 provides the geometric background underlying Lichnerowicz’s generalisation:
Theorem 4.12 (Eisenhart–Lichnerowicz lift [53]). Let
(
Mˆ , ξˆ, gˆ
)
be a Platonic wave and denote
(
Mˆ , ξˆ, ˆ¯g
)
the
conformally related Bargmann–Eisenhart wave with conformal factor Λ2 ∈ C∞inv
(
Mˆ
)
– i.e. gˆ = Λ2 ˆ¯g – and ψˆ
the Frobenius 1-form ψˆ := gˆ(ξˆ). Let furthermore
(
M , ψ, γ
) (
resp.
(
M , ψ¯, γ¯
))
be the Galilean structure induced
by
(
Mˆ , ξˆ, gˆ
) (
resp.
(
Mˆ , ξˆ, ˆ¯g
))
.
Solutions to the parameterised geodesic equation associated with the Platonic metric gˆ are classified according
to the two constant of motions:
1. M2 := −gˆ(x˙, x˙)
2. m := ψˆ(x˙)
as follows:
• m = 0 : These are the trajectories constrained on one hypersurface of the foliation induced by ψˆ.
The former are classified as66:
66The condition m = 0 ensures that M2 = −γˆ(x˙, x˙) 6 0 with γˆ the Leibnizian metric induced by gˆ.
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– M2 = 0 : These are the integral curves of the lightlike vector field ξˆ i.e. x˙ ∼ ξˆ.
– M2 < 0 : The projection of such trajectories on the quotient manifold are spacelike trajectories
(i.e. confined on one d-dimensional spacelike hypersurface or absolute space) satisfying the param-
eterised geodesic equation associated with the d-dimensional Riemannian metric γ.
• m 6= 0 : The projection of such trajectories67 on the quotient manifold are nonrelativistic timelike trajec-
tories satisfying the unparameterised geodesic equation68:
w
∇¯x˙x˙ = −d ln Λ¯
2
dτ
x˙ (4.17)
where
w
∇¯ is the Newtonian connection compatible with the Galilean structure (M , ψ¯, γ¯) related to the
Newtonian connection ∇¯ (obtained as projection of the Bargmann–Eisenhart connection ˆ¯∇) via a shift
(1.13) of the Newtonian potential parameterised by φ¯ = w Λ¯2, where w = −M2m2 is a constant of motion.
Proof. The proof follows the one of Theorem 3.19 with the exception of the case m 6= 0, which requires
additional care. Denoting ∇ˆ (resp. ˆ¯∇) the Levi–Civita connections associated with gˆ (reps. ˆ¯g), the following
well-known relation between Levi–Civita connections associated with conformally related (pseudo)-Riemannian
metrics holds:
Γˆλˆµˆνˆ =
ˆ¯Γλˆµˆνˆ + 2 δ
λˆ
(µˆ∂νˆ) ln Λ− ˆ¯gλˆρˆ∂ρˆ ln Λ ˆ¯gµˆνˆ . (4.18)
Plugging (4.18) into the parameterised geodesic equation leads to:
x¨λˆ + ˆ¯Γλˆµˆνˆ x˙
µˆx˙νˆ + 2
d ln Λ
dτ
x˙λˆ +M2Λ−2 ˆ¯gλˆρˆ∂ρˆ ln Λ = 0. (4.19)
Projecting on the quotient manifold M by means of the Galilean parameterisation (2.4), one obtains:
x¨λ + Γ¯λµν x˙
µx˙ν + 2
d ln Λ¯
dτ
x˙λ +M2Λ¯−2h¯λρ∂ρ ln Λ¯ = 0 (4.20)
where we used that ∂uΛ = 0 and denoted Λ¯ the corresponding projection. The coefficients Γ¯ stand for the
components of the Newtonian connection ∇¯ obtained as projection of the Bargmann–Eisenhart connection ˆ¯∇
and read explicitly:
Γ¯λµν = Z¯
λ∂(µψ¯ν) +
1
2 h¯
λρ
(
∂µg¯ρν + ∂ν g¯ρµ − ∂ρg¯µν
)
. (4.21)
Now, defining the constant of motion w := −M2m2 allows to reexpress M2 as M2 = −w Λ¯4ψ¯µψ¯ν x˙µx˙ν such that
eq.(4.20) takes the form:
x¨λ +
(
Γ¯λµν −
w
2
h¯λρ∂ρΛ¯
2 ψ¯µψ¯ν
)
x˙µx˙ν +
d ln Λ¯2
dτ
x˙λ = 0. (4.22)
Defining the shifted Lagrangian metric
w
g¯µν = g¯µν + w Λ¯
2 ψ¯µψ¯ν allows to interpret the term between brackets
as the components (4.15) of the Newtonian connection
w
∇¯ associated with wg¯.
67Irrespectively of the sign of M2 i.e. whether the relativistic trajectory is timelike, spacelike or lightlike.
68Performing a redefinition of τ allows to put equation (4.17) in the parameterised form
w
∇¯x˙x˙ = 0.
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Remark 4.13.
• The geometric rationale behind the case m = 0, M2 < 0 of spacelike (both in the relativistic and nonrela-
tivistic sense) trajectories is provided by Proposition 4.3 stating that the Levi–Civita connection associated
to a Kundt wave (and hence to a Platonic wave) admits a canonical projection69 on the absolute spaces
of the quotient manifold M as the Levi–Civita connection ∇γ associated to the Riemannian metric γ.
• Theorem 4.11 provides the apparatus necessary to a geometric understanding of the case m 6= 0.
• As an illustration of the Eisenhart–Lichnerowicz Theorem, we introduce the Platonic wave characterised
by the ambient vector field ξˆ = ∂u and the metric
dsˆ2 =
|x|2
R2
(
2 dt du+ δijdx
idxj
)
(4.23)
conformally related to the Minkowski wave (2.28) with conformal factor Λ = |x|R . It can be checked that
the parameterised geodesic equation associated to (4.23) projects onto the harmonic (expanding) oscillator
equation70, i.e. the geodesic equation of the Newton-Hooke manifold of Example 1.9, cf. Remark 1.10.
Note that performing a conformal transformation thus amounts in turning on the Newtonian potential.
69Note that the induced Newtonian connection
w
∇¯ for timelike trajectories also defines a connection on the absolute spaces. The
latter coincides with the Levi–Civita connection ∇γ¯ associated to the Riemannian metric γ¯, cf. Remark 1.5. However, contrarily
to the Eisenhart lift, the spacelike trajectories are controlled by a different connection, namely the Levi–Civita connection ∇γ
associated to γ.
70Upon setting ω = 1.
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5 From Dodgson to Carroll
As emphasised in the previous section, the ambient formalism of Duval et al. allowing to embed Newtonian
manifolds into Bargmann–Eisenhart waves admits a suitable generalisation to the larger class of Platonic waves.
In the present section, we address the dual counterpart of this statement by generalising the embedding proce-
dure of Carrollian manifolds from Bargmann–Eisenhart waves to a larger subclass of gravitational waves, namely
the one of Dodgson waves introduced in Section 2.7. Explicitly, we show that Dodgson waves are the largest
subclass of gravitational waves admitting a canonical lightlike foliation by codimension one Carrollian manifolds.
This result is then refined by identifying the subclass of Carrollian manifolds admitting such an embedding,
leading us to single out the class of torsionfree pseudo-invariant Carrollian manifolds, cf. Definition 1.21. As
an application of the general formalism, we provide an explicit embedding of the (A)dS-Carroll manifold of
Example 1.19 inside the (Anti) de Sitter wave of Example 2.22. We conclude the section by a generalisation of
the Carroll train (cf. Theorem 3.29) applicable to the larger class of Dodgson waves.
Let us start the discussion by recalling some facts established in Section 3, more precisely from Proposition 3.25
where it was shown that the wavefront worldvolumes of a Kundt wave were naturally endowed with:
1. a set of invariant Carrollian structures.
2. a canonical connection being
• torsionfree
• compatible with the induced Carrollian metric.
As emphasised earlier, for a generic Kundt wave, the induced geometry is not a (torsionfree) Carrollian geometry.
This is due to the fact that the induced connection generically fails to preserve any of the induced Carrollian
vector fields. This drawback was then circumvented by focusing on the subclass of Bargmann–Eisenhart waves,
cf. Theorem 3.26 where it was shown that the parallel condition on the privileged ambient vector field was
shown to be sufficient to ensure compatibility between the induced Carrollian vector field and the induced metric
connection – the latter becoming Carrollian. However, such a restriction to the class of Bargmann–Eisenhart
waves was shown to strongly constrain the space of Carrollian geometries arising in this way, namely to invariant
Carrollian manifolds, cf. Proposition 3.27.
In the present section, we relax the ambient parallel condition of Bargmann–Eisenhart waves and argue that
the defining condition (2.23) of a Dodgson wave is precisely the necessary and sufficient condition a Kundt wave
should satisfy in order to be foliated by codimension one Carrollian manifolds. This extension of the ambient
approach allows to embed a more general class of Carrollian geometries inside gravitational waves. To identify
this class more precisely, we prove the following technical lemma:
Lemma 5.1. Let (Mˆ , ξˆ, gˆ) be a Dodgson wave with scaling factor Ω ∈ C∞inv
(
Mˆ
)
.
1. The following relation holds for all V,W ∈ Γ(Ker ψˆ):
(Lξˆ∇ˆ)VW = − 12Ω−1
(
(∇ˆV dˆΩ)(W ) + (∇ˆW dˆΩ)(V )
)
⊗ ξˆ. (5.1)
In components:
V µW ν
[
(Lξˆ∇ˆ)λµν + Ω−1∇ˆµ∇ˆνΩ ξˆλ
]
= 0. (5.2)
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2. Defining ˆ¯ξ := Ω ξˆ, the following relation holds for all V,W ∈ Γ(Ker ψˆ):
(L ˆ¯ξ∇ˆ)VW = 0. (5.3)
Proof.
1. Let (Mˆ , gˆ) be a (pseudo)-Riemannian manifold with associated Levi–Civita connection ∇ˆ.
The following relation holds for all X,V,W,Z ∈ Γ (TM ):
gˆ
(
(LX∇ˆ)VW,Z
)
+ LX gˆ(∇ˆVW,Z) = 12
(
V [LX gˆ(W,Z)] +W [LX gˆ(V,Z)]− Z[LX gˆ(V,W )]
+LX gˆ([Z, V ] ,W ) + LX gˆ(V, [Z,W ]) + LX gˆ([V,W ] , Z)
)
.
Assuming that (Mˆ , [ξˆ], gˆ) is a Kundt wave, any representative ξˆ ∈ [ξˆ] satisfies the relation ∇ˆψˆ = ψˆ ⊗ η +
ω ⊗ ψˆ where ψˆ := gˆ(ξˆ). Defining α := η + ω and assuming V,W ∈ Γ(Ker ψˆ), we have:
(Lξˆ∇ˆ)VW = 12
(
α(V ) dˆ ln Ω(W ) + α(W ) dˆ ln Ω(V ) + ∇ˆV α(W ) + ∇ˆWα(V )
)
⊗ ξˆ (5.4)
where we used dˆψˆ = dˆ ln Ω ∧ ψˆ. Assuming (Mˆ , ξˆ, gˆ) is a Dodgson wave ensures ω = 0 and α = η =
−dˆ ln Ω− κψˆ. Substituting leads to (5.1).
2. The second point is straightforward from substituting ξˆ = Ω−1 ˆ¯ξ inside (5.1).
Comparing constraint (5.2) with (1.31) already suggests a relation between Dodgson waves and pseudo-invariant
Carrollian manifolds. This relation is made explicit in the following proposition, which constitutes the main
result of the present section:
Proposition 5.2. Any Dodgson wave admits a canonical lightlike foliation by pseudo-invariant torsionfree
Carrollian manifolds of codimension one. Conversely, any pseudo-invariant torsionfree Carrollian manifold can
be embedded inside a Dodgson wave.
Proof. Regarding the first statement, the only missing element compared to Proposition 3.25 lies in the fact
that the induced connection preserves the Carrollian vector field ξ (i.e. ∇ξ = 0) if and only if condition
(2.23) is satisfied, as follows straightforwardly from the definition of the induced connection as displayed in
Proposition 3.24. This condition being the defining condition of a Dodgson wave, we conclude that Dodgson
waves are the most general subclass of gravitational waves such that any wavefront worldvolume thereof is
canonically a torsionfree Carrollian manifold
(
Mt, ξ, γ,∇
)
. Furthermore, it follows from Lemma 5.1 that the
induced Carrollian manifold is pseudo-invariant, in the sense of Definition 1.21. The converse statement will be
proved constructively in the following Proposition.
In order to make the previous statement more concrete, we now introduce an explicit embedding procedure
allowing to cast any pseudo-invariant torsionfree Carrollian manifold as a wavefront worldvolume of a particular
Dodgson wave:
Proposition 5.3 (Embedding procedure). Let
(
M , ξ, γ,∇) be a d+1-dimensional pseudo-invariant torsionfree
Carrollian manifold with scaling factor71 Ω ∈ C∞inv|6=0 (M ).
71Recall that a pseudo-invariant connection satisfies by definition the following relation Lξ∇λµν = −ξλ Ω−1∇µ∇ν Ω with Ω a
nowhere vanishing invariant function, cf. Remark 1.22.
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Let A ∈ EC (M , ξ) be an Ehresmann connection satisfying the following conditions:
A(ξ) = 1 , LξA = −d ln Ω (5.5)
and denote
A
Σ the invariant72 tensor defined as
A
Σµν := −∇(µAν) +A(µ LξAν). (5.6)
The Dodgson wave (Mˆ , ξˆ, gˆ) where:
• Mˆ is a d + 2-dimensional manifold coordinatised by xµˆ := {t, xµ} such that the hypersurface t = t0
coincides with M .
• ξˆ := ξµ∂µ is a nowhere vanishing vector field.
• gˆ is the Lorentzian metric defined by the line element
dˆs2 := −Ω2(x)λ(x) dt2 + 2 Ω(x)Aµ(x) dxµdt+
(
γµν(x)− 2 (t− t0) Ω(x)
A
Σµν(x)
)
dxµdxν (5.7)
where λ ∈ C∞(M ) is an arbitrary function.
induces the pseudo-invariant torsionfree Carrollian manifold
(
M , ξ, γ,∇) on Mt0 =M .
Proof. Defining ψˆ := gˆ(ξˆ), the latter reads ψˆ = Ω dt and can be checked to satisfy ψˆ(ξˆ) = 0 and ∇ˆψˆ =
−ψˆ⊗ (dˆ ln Ω + 12Lξλ ψˆ) where ∇ˆ is the Levi–Civita connection associated with gˆ, so that the triplet (Mˆ , ξˆ, gˆ) is
indeed a Dodgson wave with Dodgson 1-form η = −dˆ ln Ω− 12Lξλ ψˆ. In particular, (Mˆ , ξˆ, gˆ) is a Kundt wave so
that the wavefront worldvolume Mt0 characterised by t = t0 is naturally endowed with a (canonical) invariant
Carrollian metric structure – cf. Proposition 3.21 – which naturally identifies with
(
M , ξ, γ
)
. Furthermore,
Proposition 3.25 ensures that the Levi–Civita connection ∇ˆ admits a well-defined projection onMt0 . Explicitly,
restricting the Christoffel coefficients associated with ∇ˆ to the hypersurface Mt0 leads to:
Γˆttt|t=t0 = 12ΩLξλ
Γˆttν |t=t0 = ∂ν ln Ω
Γˆλtt|t=t0 = 12 Ω2
(A
hλρ + λ ξλξρ
)
∂ρλ+ λΩ
A
hλρ∂ρΩ
Γˆλtν |t=t0 = − 12Ω ξλ∂νλ− Ω
A
hλρ
(A
Σρν + ∂[ρAν] +
1
2∂ρ ln ΩAν
)
Γˆλµν |t=t0 = ξλ∂(µAν) + 12
A
hλρ
(
∂µγρν + ∂νγρµ − ∂ργµν
)− ξλA(µLξAν) + ξλAΣµν
where
A
h ∈ Γ (∨2TM ) is the transverse cometric associated with the Ehresmann connection A (cf. (1.19)).
Using the projection scheme of Proposition 3.24, the induced connection on Mt0 has thus coefficients Γˆλµν |t=t0 .
Comparison with the classification result of Proposition 1.14 – specifically expression (1.17) – shows that the
induced connection is the unique Carrollian connection compatible with the invariant Carrollian structure(
M , ξ, γ
)
characterised by the couple (A,
A
Σ) and thus identifies with the original Carrollian connection ∇.
Remark 5.4.
• Since the function λ ∈ C∞ (M ) is arbitrary, one can always choose it to be invariant (i.e. Lξλ = 0).
In this case, the line element (5.7) defines a Platonic wave upon a rescaling of the ambient vector field
ξˆ
Ω7→ Ω ξˆ, cf. Proposition 2.20.
72The invariance of
A
Σ (i.e. Lξ
A
Σ=0) follows from (1.32) and (5.5), cf. Remark (1.22).
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• Heuristically, the crux of the previous construction lies in the fact that the pseudo-invariance of ∇ guar-
antees the existence of an Ehresmann connection A such that
A
Σ is invariant (i.e. Lξ
A
Σ=0). The invariance
of
A
Σ thus allows to make it part of the ambient Leibnizian metric γ, the latter being invariant due to the
Kundt condition (2.17).
• The embedding procedure of Proposition 5.3 provides a constructive existence proof of the second assertion
of Proposition 5.2. Note however that the Dodgson wave defined by the line element (5.7) is not the most
general Dodgson wave embedding
(
M , ξ, γ,∇).
• The previous procedure can in particular be applied to invariant Carrollian manifolds. In this case, the
invariance of the Carrollian connection ∇ allows to set the factor Ω to 1. The resulting wave (5.7) is
then Walker, cf. Definition 2.15. Further restricting λ to be invariant makes the embedding wave to
be Bargmann–Eisenhart. In other words, any invariant torsionfree Carrollian manifold can be embedded
into a Bargmann–Eisenhart wave. This fact provides an a posteriori proof of the second statement of
Proposition 3.27.
• The Minkowski wave of Example 2.22 can be seen to fit into the framework of Proposition 5.3 upon the
following identification:
λ = 0 , Ω = 1 , ξ = ∂u , A = du , γ = δij dx
i ∨ dxj ,
A
h = δij ∂i ∨ ∂j ,
A
Σ = 0. (5.8)
The latter thus admits a lightlike foliation by flat Carroll manifolds – cf. Example 1.19 – characterised
by
ξ = ∂u , γ = δij dx
i ∨ dxj , Γ = 0. (5.9)
• Note that the Newton-Hooke wave of Example 2.22 can also be cast in the form (5.7), where it only differs
from the Minkowski wave by the value of λ = − |x|2R2 . Since the function λ has no Carrollian counterpart,
we conclude that the Newton-Hooke wave is also foliated by flat Carroll manifolds.
We now apply the general machinery developed previously to the maximally symmetric (A)dS-Carroll manifold
of Example 1.19. As discussed in Remark 1.20, the latter is not invariant (i.e. Lξ∇ 6= 0) and as such cannot
be embedded into a Bargmann–Eisenhart wave (cf. Proposition 3.27). However, as shown in Proposition 1.23,
the (A)dS-Carroll manifold is pseudo-invariant and as such can be embedded inside a Dodgson wave73 (cf.
Proposition 5.3). A natural candidate is provided by the (Anti) de Sitter wave introduced in Example 2.22.
The following proposition identifies the Carrollian manifolds foliating the (Anti) de Sitter wave as (A)dS-Carroll
manifolds:
Proposition 5.5. The (Anti) de Sitter wave admits a lightlike foliation by (A)dS Carroll manifolds of equal
radii.
Proof. The line element (2.30) of the (Anti) de Sitter wave can be put in the form (5.7) upon the identification:
λ =
u2
R2
cosh−2
|x|
R
, Ω = cosh
|x|
R
, ξ = ∂u , A = du− u
R
xi
|x| tanh
|x|
R
dxi , (5.10)
γ = γij dx
i ∨ dxj ,
A
h =
u2
R2
tanh2
|x|
R
∂u ∨ ∂u + 2 u
R
xi
|x| tanh
|x|
R
∂u ∨ ∂i + γij ∂i ∨ ∂j ,
A
Σ = 0
73That is, if one trusts the modus ponens, cf. [77]
51
which can be checked to satisfy (2.12), (2.17) and (2.27). The geometry induced on any leaf of the lightlike
foliation reproduces precisely the formulation of the (A)dS Carroll manifold given by (1.29). Thus, the (Anti)
de Sitter wave is naturally foliated by (A)dS Carroll manifolds of equal radii R.
We conclude our analysis of the embedding of Carrollian structures into Dodgson waves with a generalisation
of Theorem 3.29:
Theorem 5.6 (Carroll train). Let
(
Mˆ , ξˆ, gˆ
)
be a Dodgson wave and denote ψˆ the Frobenius 1-form ψˆ := gˆ(ξˆ)
and ∇ˆ the Levi–Civita connection associated with the Dodgson metric gˆ. Let furthermore it : Mt ↪→ Mˆ be a
leaf of the foliation induced by Ker ψˆ (or wavefront worldvolume).
1. Let p ∈ it(Mt) and Vp ∈ Ker ψˆp be a tangent vector. Any geodesic x(τ) of ∇ˆ such that x˙(0) = Vp locally
stays on the wavefront worldvolume Mt.
2. On the small interval74 for which the geodesic x(τ) stays onMt, the latter is a geodesic for the Carrollian
connection ∇ induced by ∇ˆ on Mt.
Proof.
1. We note that, for a generic Dodgson wave and geodesic x(τ) of ∇ˆ, the quantity m = ψˆ(x˙) is not a constant
of motion since the ambient vector field ξˆ is not Killing in general75. However, recall from Proposition
3.25 that the wavefront worldvolumes induced by a Dodgson wave (and more generally by a Kundt wave)
are totally geodesic. This property ensures that any geodesic x(τ) of ∇ˆ defined on a small interval (−, )
and such that x˙(0) = Vp stays on the wavefront worldvolume Mt.
2. The statement follows straightforwardly from Propositions 5.2 and 3.24.
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